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ALMOST SURE CONVERGENCE OF STOCHASTIC HAMILTONIAN DESCENT
METHODS *

TONY STILLFJORD! AND MANS WILLIAMSON 2

Abstract. Gradient normalization and soft clipping are two popular techniques for tackling instability
issues and improving convergence of stochastic gradient descent (SGD) with momentum. In this
article, we study these types of methods through the lens of dissipative Hamiltonian systems. Gradient
normalization and certain types of soft clipping algorithms can be seen as (stochastic) implicit-explicit
Euler discretizations of dissipative Hamiltonian systems, where the kinetic energy function determines
the type of clipping that is applied. We make use of dynamical systems theory to show in a unified
way that all of these schemes converge to stationary points of the objective function, almost surely,
in several different settings: a) for L-smooth objective functions, when the variance of the stochastic
gradients is possibly infinite, b) under the (Lo, L1)-smoothness assumption, for heavy-tailed noise with
bounded variance, and c) for (Lo, L1)-smooth functions in the empirical risk minimization setting,
when the variance is possibly infinite but the expectation is finite.
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1. INTRODUCTION
In this article we consider the unconstrained optimization problem

min F(g), (1)

where F : R — R is an objective function. A common case in mathematical statistics and machine learning is
the empirical risk minimization setting, where F' is a weighted sum of loss functions:

LN
F(q) = szi(q)’ (2)

with f;(q) = €(h(zi,q),y:). Here, {(z;,y:)}X; is an underlying data set of feature-label pairs in the feature-label
space X x ), h(-,q) is a model with model parameters ¢ such as a neural network or a regression function, and
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£ is a loss function. A common approach within the machine learning community for solving problems of the
type given by (1) is to employ stochastic gradient descent (SGD) [47]. A solution ¢, to (1) is approximated
iteratively by qr, Kk =1,2,..., via

Q+1 = @ — kY f(qk k), (3)
where «ay is the learning rate, V f(qx, &) is a stochastic approximation of VF(gq), and £ is a random variable
that accounts for the stochasticity. A common choice is to take a random subset Be, C {1,..., N} of the indices

of the objective function defined by (2) and choose

V(0,6 = |Blg| S Vi), (4)
klieBe,

where | B, | denotes the cardinality of Be,. This is attractive when N is very large and |B¢| < N, as it is less
computationally expensive than gradient descent. The method also tends to escape local saddle points [16] — an
appealing property as many machine learning problems are non-convex. Among the variations of SGD is the
popular SGD with momentum. Its deterministic counterpart was popularized in the seminal work of Polyak [46].
A common form of this algorithm is expressed as an update in two stages

Pr+1 = Bk — axV f(qr, &),
Qk+1 = qk + QkPE+1,

(5)

where pg = 0 and B > 0 is a momentum parameter. The usage of the momentum update makes the algorithm
less sensitive to noise. Indeed, by an iterative argument we obtain that py+1 = — Zf:o (H?Zi+1 53‘) a;Vf(gi,&)-
That is, pi+1 is an average of the previous gradients, where 3 determines how much we value information from
the preceding stages.

Notwithstanding the benefits of stochastic gradient algorithms, they frequently suffer from instability prob-
lems such as exploding gradients [9,42] and sensitivity to the choice of learning rate [41]. A way to mitigate these
issues is to employ gradient clipping [24,42] or gradient normalization. Gradient normalization was introduced
in [45] in the deterministic setting and a stochastic version appears already in [2]. A normalized version of the
algorithm determined by (3) is given by

Qk+1 = qk — akin(qk,ﬁk) .
’ IV.f (an &)

In practice a small number ¢ > 0 is added in the denominator to ensure that the update does not become
infinitely large.

Gradient clipping was first introduced in [39]. In so-called hard clipping, the gradient is simply rescaled if
it is larger than some predetermined threshold. Soft clipping, on the other hand, makes use of a differentiable
function for rescaling the gradient [66]. It was recently shown that hard clipping algorithms suffer from an
unavoidable bias term [29]; a term in the convergence bound that does not decrease as the number of iterations
increases. This is one reason why soft clipping is preferable.

1.1. Gradient normalization, momentum and Hamiltonian systems

In this article, we study gradient normalization and soft clipping of stochastic momentum algorithms from
the perspective of Hamiltonian systems. As a first step, we note that if we take Sy = 1 —~yay with v > 0, we can
view the scheme given by (5) as an approximate implicit-explicit Euler discretization of the equation system

p=—VF(q) —p,
q=p-

(6)
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The system (6) is nearly Hamiltonian [22]; taking

H(p,q) = F(q) + ¢(p), (7)

with ¢(p) = 1||p||?, we can write it on the form

p=—=VeH(p,q) — V4R(q), ®

q= VpH(pa Q)'
Here, V,, V, denote the gradients with respect to p and ¢ respectively and R(¢) = 7@ is a Rayleigh dissipation
function that accounts for energy dissipation (viscous friction) of the system. Note that this choice of R yields

ViR(¢) = vV H(p, q), which will always be the case in this paper. Thus, for a Hamiltonian of the form (7), (8)
reads

p=—VF(q) —vVe(p),

. (9)
¢ =Ve(p).
We notice that any fized point of this system is a stationary point of F', since (¢, p) = 0 implies that VF(q) = 0.
The dissipation term is often included as an extra term in the Euler-Lagrange equations

. d . .
Vil(g,q) = 3, L(a.9) = ViR(4),
where L(q,q) = ¢*(¢) — F(q) is the Lagrangian, and ¢* is the convex conjugate of ¢, compare Proposition 51.2
and Example 51.3 in [64]. The physical interpretation is that ¢ is the position of a particle in a potential

field F(q) with kinetic energy given by ¢*(¢) (in the case when ¢(p) = @ we have ¢*(¢) = %) In many
scenarios, such as in this case, it happens that the friction term is proportional to the velocity [23]. A ball rolling
on a rough incline [11,61]) or on a tilted plane coated with a viscous fluid [10] could for instance be modelled in
this fashion, giving weight to the analogy of the heavy ball [46]. See also [24], for a further discussion on this.
In this paper, we consider generalizations of the algorithm defined by (5) to equations of the type (8), where

@ is a convex, coercive and L-smooth function. The family of schemes we consider are given by

Pr41 = Pk — @&V f(qr, &) — YV (pr),

10
Qkt1 = gk + . Vo(Pry1), (10)

where po = 0, qo is arbitrary, and {£ }r>0 is a sequence of independent, identically distributed random variables.

2
We show that these schemes converge almost surely to the set of stationary points of F. If we take p(z) = @

in (10), we get SGD with momentum (5). Taking p(z) = /||z]|?> + €, € > 0, gives us a gradient normalization
scheme, where both the gradient and the momentum variables are rescaled:

Pk

Pr+1 = Pk — eV f(qr, &k) — oy —F—e—,
VIpkl* + €
Pr+1 (11)

qk+1 = gk + 05]@72.
Vpksal® +e

Other conceivable choices are
i) Relativistic kinetic energy: ¢(x) = cy/||z]|? + (me)?. [19]
ii) Non-relativistic kinetic energy: o(x) = +(x, Az) + (b,x) + ¢, where A is a positive definite, symmetric
matrix, b € R? and ¢ € R. [23]
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ili) Gradient rescaling: p(x) = cv/||z||? + €, for ¢,e > 0.
iv) Soft clipping: o(x) = /1 + ||z
v) The symmetric LogSumEzp-function: ¢(x) = In (Zle e’ + e*%), which can be seen as an approxi-

mation of the ¢*°-norm [52].
1

vi) Half-squared (P-norm: ¢(x) = 5|z|2, for p € [2,00).

Examples i), iii) and iv) are analytically similar, but give rise to different behaviours in the algorithm given
by (10). We refer the reader to [6,44], for verifying that the functions above satisfy the assumptions in Section 3.2.

1.2. Contributions

Making use of Hamiltonian dynamics, we consider a large class of stochastic optimization algorithms (10) for
large-scale optimization problems, for which we perform a rigorous convergence analysis. Our assumptions on
the dissipation term ¢ are fairly permissive, and thus the class of algorithms covers both interesting cases like
normalized SGD with momentum and various soft-clipping methods with momentum, as well as novel methods.
Our analysis shows that the iterates generated by any method in this class are finite almost surely, and that
they converge almost surely to the set of stationary points of the objective function F'. This means that the
methods “always” work in practice, in contrast to what can be guaranteed by analyses that show convergence in
expectation. These results are valid in many applications, due to fairly weak assumptions on the optimization
problem. The exact assumptions are listed in Section 3 but essentially consist of either

e [-smooth objective functions and stochastic gradients with possibly infinite variance, or

e (Lg, L1)-smooth objective functions and heavy-tailed stochastic gradients with bounded variance, or

e (Lg, L1)-smooth objective functions arising in the empirical risk minimization setting and stochastic
gradients with possibly infinite variance but bounded expectation.

In particular, we do not assume convexity of the objective function F' in any of the cases.

1.3. Outline

In Section 2, we briefly discuss some results that are related to the analysis in this paper. The main results
and analysis is presented in Section 3, with conclusions in Section 4. The details of the analysis can be found
in Appendix A. This depends on some auxiliary results listed in Appendices B and C.

2. RELATED WORKS

In this section, we first consider other formulations of SGD with momentum and how the formulation in this
paper relates to them. In the second subsection we summarize work in optimization and statistics which make
use of Hamiltonian dynamics. Next, we discuss the approach we use for showing almost sure convergence of
the methods. Finally, we discuss the central (Lg, L1)-smoothness condition on the objective function, which is
defined later in Assumption 4.

2.1. Momentum algorithms
The implementations of SGD with momentum in the libraries TensorFlow [1] and PyTorch [43] given by

Pk+1 = Brpr — 'V f(qr, k)
Qk+1 = qk + Pk+1
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are equivalent to (5) after the transformation oy, — \/ag, B — Bry/ =, The method (5) also resembles the

ap

(hard-clipped) scheme proposed in [38]:

Pr+1 = clip,. (1 = Br)pe — BV f(ak, &x))
Qk+1 = qk + QkPE+1,

where clip, is a projection operator that projects the argument onto a ball of radius r at the origin. Further, (5)
is reminiscent of Stochastic Primal Averaging (SPA) [14]:

Pr+1 = Pk — WV f(ar, &),
Qe+1 = (1 — Crg1) @k + Chog1Prt1-

In Theorem 1 in [14] it is shown that this is equivalent to the SGD with momentum version

Prt1 = Bk + Vf(qr: &),
dk+1 = gk — OkPk+1,

if one takes g1 = % and cp41 = % The SPA algorithm can be seen as a randomized implicit-explicit

Euler discretization of the equation system

p:_VF(q)u
q:pfcb

which after a change of variable is equivalent to (6) for ¥ = 1. Under the rather strong assumption that the
noise is almost surely bounded (which does not hold for, e.g., Gaussian noise), so-called mixed-clipped SGD
with momentum was studied in [66]:

Prt1 = Bpr — (1 = B)V fqr, &),

— ' T
||Pk+1||> Pr+1 + (1 — v) min (77, |Vf(Qk,§k)||> Vf(qk?gk)}7

Qr+1 = Gk — [V min (n,
Here, 0 < v <1 is an interpolation parameter.
A drawback with the previously mentioned analyses is that the convergence results are obtained in expecta-
tion, which means that there is no guarantee that a single path will converge.

2.2. Hamiltonian dynamics

Hamiltonian dynamics, in its energy conserving form, has been well-explored in the Markov chain Monte
Carlo field, compare [33]. In [35], various kinetic energy functions ¢ are considered for equation (8) without the
dissipation term V;R(g).

The algorithm (10) was studied in the context of stochastic differential equations and Langevin dynamics
in [54], where the noise is assumed to be Gaussian. In general, however, this is a restrictive assumption in the
stochastic optimization setting.

The specific update (11) bears resemblance to deterministic time integration- and optimization schemes
studied in [19], that arise as discretizations of the system

p=—VeH(p,q) —Vp,
q = va(pa q)v
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where the dissipation term yp emanates from Bateman’s Lagrangian L(q,q) = €' (p*(§) — F(q)), see [5].
A similar point of view is also taken in [18], but where so-called Bregman dynamics is employed. In the
(deterministic) optimization setting this was studied in [37], where strictly convex kinetic energy functions ¢
are considered. A stochastic gradient version is analysed in [27] for strongly convex objective functions F'.

However, the stochastic optimization algorithm has not been studied for non-convex problems, and an analysis
for merely convex (and not strictly convex) kinetic energy functions is lacking.

2.3. Almost sure convergence

The analysis in this paper is based on the ODE method, emanating from [36]. The particular proof strategy
is due to [30], and is based on linear interpolation of the sequence of iterates. The technique was extended to
piecewise constant interpolations in [31]. The approach relies on the assumption that the iterates generated by
the algorithm are finite almost surely; an assumption that has to be verified independently.

A similar analysis of the SGD with momentum was performed in [21]. Tt was extended in [4], to a class of
schemes that encompasses (5). The analytical approach is slightly different and does not cover the normalization-
and clipping algorithms that we analyze in this article.

We also note that one can employ an analysis similar to that in e.g. [12], along with martingale results like
that in [48] to obtain almost sure convergence of a subsequence of the iterates. This is for instance the case
in [51] where almost sure convergence guarantees of the type ming<i<x||VF(qr)| — 0 almost surely for SGD
and SGD with momentum are established. These types of results are weaker than those obtained in this paper,
since they cannot guarantee that the whole sequence of iterates {gx }r>0 converges to a stationary point.

2.4. (Lg, L1)-smoothness

The (Lo, L1)-smoothness assumption (defined later in Assumption 4) was introduced in [67] as a more ap-
propriate measure of smoothness than the classic L-smoothness for certain machine learning problems. It is
shown in [67] that the iteration complexity of clipped SGD is bounded, under the assumption that the sto-
chastic gradients are bounded almost surely. The latter is a very restrictive assumption that is not fulfilled
even by Gaussian noise. In [66] a clipped algorithm with momentum is shown to converge in expectation to a
stationary point under the same strong assumptions on the noise. Similar assumptions are also encountered in
e.g. [13,34]; the latter also considers the slightly more general case of sub-Gaussian noise. [29] analyses clipped
SGD under Assumption 4.ii), but do not obtain a convergence guarantee due to an unavoidable bias [29]. Re-
cently, [56] and [17] obtained convergence guarantees for versions of AdaGradNorm under the weaker affine
variance-assumption. These results are however only with a certain probability, and there is always some set
of positive measure on which the algorithm may not converge. The convergence guarantees that we obtain in
Theorem 3.5 under Assumption 4.i) and Assumption 3.ii) is stronger in the sense that it converges for almost
every path. We also stress the fact that Assumption 3.ii) is relatively weak since it covers all heavy-tailed
distributions with finite variance [49]. This includes for instance the large class of sub-Weibull distributions,
which generalizes sub-Gaussian and sub-exponential distributions [55].

3. ANALYSIS

We first give a brief overview of the analysis in Section 3.1. In Section 3.2 we describe the setting and in
Section 3.3 we give a more detailed outline of the theorems and the proofs. The full proofs of the results are
given in Appendix A.

3.1. Brief overview

The analysis is split into two parts.
In the first, we show that the iterates of the scheme defined by (10) are finite almost surely, if the objective
function F' and the convex kinetic energy function ¢ are L-smooth and coercive, or if F' is (Lg, L1)-smooth and
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the variance is finite. This is done by constructing a Lyapunov function with the help of the Hamiltonian H,
and then appealing to the classical Robbins—Siegmund theorem [48].

In the second, we show that given that the iterates defined by (10) are bounded, they converge almost surely
to a stationary point of F'. We make use of a modification of the ODE method, compare [31], in conjunction
with techniques from [7]. Since the scheme is implicit-explicit, we cannot directly apply e.g. Theorem 2.1 in [31].
Essentially, the idea is to

i) Introduce a pseudo-time ¢, = Zf;ol a; and construct piecewise constant interpolations Py(t) and Qo (¢)
of {px}r>0 and {gx x>0 from (10).

ii) Show that the time-shifted processes Py(t) = Po(tx +t) and Qi (t) = Qo(tx + ) are equicontinuous in
the extended sense [31] and that (Py, Qo) is an asymptotic pseudotrajectory [7] for (9). This essentially
means that (P, Qx) asymptotically satisfies (9).

ili) Use the previous point to show that the set of limit points of {(pr, qx) } x>0 is internally chain transitive [8]
for the flow generated by (9).

iv) At last, make use of the underlying Hamiltonian dynamics of (9) to conclude that all limit points of
{(Pk, qr) }x>0 are equilibria of the flow generated by (9). Thus {gx }x>0 converges to a stationary point
of F.

All the conclusions in the above four points should be interpreted as holding almost surely.

3.2. Setting

Let (Q, F,P) be a probability space, and {{, }x>0 be a sequence of independent, identically distributed random
variables. We denote a generic outcome in the underlying sample space 2 by w. We further let Fj denote the
o-algebra generated by &, ...,&—1. By E¢, [X]| we denote the conditional expectation of a random variable X
with respect to Fi. For a set A C RY, we let Ns(A) = {z : inf,ca ||z — al| < &}. Here, ||-|| denotes the standard
Euclidean norm on R%. In the rest of the paper, we will also use it to denote the Euclidean norm on R??, since
it should be clear from the context whether the argument is in R% or R4,

Throughout, we denote by ¢ the semiflow generated by (9). The set of limit points of ¢ is denoted by

Lim(¢) = {2z : 3z € R*? and {ti >0 with klim ty, = oo for which ¢(tg,x) — z},
— o0

Likewise, the set of limit points of a function Z will be denoted by

Lim(Z) = {z : I{tx}tr>0 with klim tr = oo for which Z(t) — z},
— 00

and we use the same notation for the limit points of a sequence {zx}r>0, i.€.
Lim({zx }x>0) = {# : for any € > 0, 3{ny}x>0 such that ||z, — 2| < €}.
Finally, the set of equilibria of (9) is denoted by
En ={(p.q) : VH(p,q) = 0}.

3.2.1. Basic assumptions

We make the following basic assumptions on F', f and ¢:

Assumption 1. The objective function F : R — R is differentiable and satisfies:

i) (Coercivity) lim| ;o F(7) = o0.

ii) (Empty interior) Let A = {q: VF(q) = 0}. The set F(A) has empty interior.
Further, the stochastic gradient V f is an unbiased estimator of VF, i.e.

iii) E[Vf(z,6)] = VF(z).
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The infimum of F, whose existence is implied by the continuity of F' and i), is denoted by F,. It satisfies
F(z) > F, > —cc for all z € R%.

Remark 3.1. Assumption 1.ii) is needed in the proof of Proposition A.11 (Proposition 6.4 in [8]). The proof
of the proposition makes use of the fact that any point in the image of the critical set can be approximated
by points outside of the set (see the proof of Proposition 6.4 in [8]). Assumption 1.ii) is for instance satisfied
for any F € C* by Sard’s theorem, compare [50]. An example of a function that violates Assumption 1.ii)
was given by Whitney in [58], where a C''-function that is non-constant on a connected set of critical points is
constructed.

Assumption 2. The kinetic energy function ¢ : R¢ — R is differentiable and satisfies:

i) (Lipschitz continuous V) There is a constant A > 0 such that ||Ve(y) — Ve(z)|| < A||lz — y, for all
z,y € R
ii) (Converity) For all x,y € R?, it holds that ¢(y) — p(x) < (Ve(y),y — x).
iii) (Coercivity) lim|j; | o0 p(7) = 00.
The infimum of ¢, whose existence is implied by the continuity of ¢ and iii), is denoted by .. It satisfies
o(z) > s > —o0 for all z € R4,

Remark 3.2. Assumption 1.i) and 2.iii) together implies that the Hamiltonian H (p, q) = F(q)+¢(p) is coercive
as a function of ¢ and p.

In addition to these basic assumptions, we consider three different settings.

3.2.2. Setting 1

In the first setting, VF is Lipschitz continuous but the stochastic gradients can have large variance.

Assumption 3. The objective function F' and the stochastic gradient V f further satisfy:
i) (Lipschitz-continuous VF') There is a constant L > 0 such that |VF(y) — VF(z)| < L||z — y||, for all
z,y € RY,
ii) (Locally bounded variance) V[V f(z,€)] < k (F(x) — F.) + 7||VF(2)||? + 02, where k,0,7 > 0.
Here V[V f(2,&)] =E [[IVf(z,&)|*] - [VE(@)|* =E[|Vf(2,) — VF(2)[I’].

Assumption 3.i) implies that the inequality F(y) — F(z) < (VF(z),y — z) + £|lz — y||* holds for all z,y € R?,
compare Lemma 1.2.3 in [40]. Assumption 3.ii) was first introduced in [28] where it was called “expected
smoothness”. It is weak in the sense that it allows for infinite variance in the case that either the gradient or
the objective function becomes infinitely large, see [28, Section 4.5] for several settings in which it is satisfied.
The condition is similar to e.g. the “affine noise variance” in [57] and the “affine variance” in [17].

3.2.3. Setting 2

Alternatively, we consider the following setting, where we require less regularity of F' but instead restrict the
variance of the stochastic gradient.

Assumption 4. The objective function F' and the stochastic gradient V f further satisfy:
i) ((Lo, L1)-smoothness) There exists Lo, Ly such that for all 2,y € R?, if ||l — y|| < %17 then

IVE(z) = VE@)| < (Lo + Li[VE@)]) lz = |-

ii) (Bounded variance) V[V f(z,£)] < o2,
iii) (Bounded V) There exists A > 0 such that ||Ve(x)|| < A for all z € R.

Remark 3.3. By Lyapunov’s inequality, E[X?] < E[X]'/? (cf. [53, p. 230]), it follows from Assumption 4.ii)
that
E[|Vf(z,§) = VF(2)|] < 0.
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Assumption 4.ii) is sometimes referred to as a heavy-tailed noise assumption in the literature [25,29]. It
covers all zero-mean, heavy-tailed distributions with finite second moment, compare [49]. In particular, it also
includes the large class of sub-Weibull distributions [55], which generalizes random variables of sub-Gaussian
and sub-Exponential distribution.

3.2.4. Setting 3

Assumption 4.ii) may be restrictive in some cases, compare [26]. Therefore we also consider the empirical
risk minimization setting when the objective function is on the form (2), f(-,€) is (Lo, L1)-smooth and V f(+, &)
is given by (4). In this setting, we can further lower the assumptions on the noise to merely finite expectation:

Assumption 5. The objective function satisfies 4.i) and V¢ satisfies 4.iii). The objective function F' and the
stochastic gradient V f further satisfy:
i) (Empirical risk minimization) The objective function and the stochastic gradient are of the form (2)
and (4), where for each i it holds that inf cra fi(q) > —oco.
ii) (Bounded expectation) The stochastic gradients satisfy E[||Vf(z,&) — VF(z)]]] < o.
iti) ((Lo, L1)-smooth) The stochastic functions f(-,&) are (Lo, L1)-smooth.

Remark 3.4. We observe that SGD with momentum, corresponding to (5), requires ¢(x) = ||z||?/2, which
does not satisfy Assumption 4.iii). It is thus only covered by the analysis in Setting 1. In Setting 2 and 3, we
have a weaker regularity assumption on F', and this requires us to instead pose stricter requirements on the
methods. Overall this indicates that for (Lg, L1)-smooth cost functionals, clipping methods are a better option
than SGD.

3.2.5. Book-keeping assumptions

The following assumption on the step sizes «y, is standard and originates from [47]. Informally, the step sizes
must go to zero in order to counter the stochasticity, but do so slowly enough that we have time to reach a
stationary point.

Assumption 6. The step size sequence {ay }r>o satisfies ap = 0 and {ag x>0 € 2(R)\(H(R).

Our analysis shows convergence to the set of stationary points of VF. Under the following additional
assumption, we get convergence to a unique stationary point:

Assumption 7. The stationary points of F' are isolated.

3.3. Outline of analysis
The proofs of the results in this section can be found in Appendix A. The main theorem is as follows:

Theorem 3.5. Let Assumptions 1, 2 and 6 be satisfied, as well as either Assumption 3, 4 or 5. Then {qx}r>0
converges almost surely to the set of stationary points of the objective function F. If we additionally assume
that Assumption 7 holds, the convergence is to a unique stationary point.

The following result is a direct consequence of Theorem 3.5:

Corollary 3.6 (Convergence in expectation). Let Assumptions 1, 2, 6 and 7 be valid. Further, let the Hamil-
tonian be on the form (7) and let the sequences {py}r>0 and {qx}tr>0 be generated by (10). Then it holds
that

lim E[|[VF(g)||°] =0,
k— o0
where 0 < 0 < 2 under Assumption 3 and 0 < 8 < 1 under Assumption J or 5.

Our proof strategy consists of two parts. In the first part we show that the sequences {px}r>0 and {qx}r>0
are finite almost surely:
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Theorem 3.7 (Finiteness of {px}r>0 and {qr}r>0). Let Assumptions 1, 2 and 6 be valid, as well as either
Assumption 3, 4 or 5. Further, let the Hamiltonian be on the form (7) and let the sequences {py}tr>0 and
{qx}tr>0 be generated by (10). Then {pytr>0 and {qx}tr>0 are finite almost surely. Moreover, it holds that
supy>o E [F(qr)] < oo.

In the second part of the analysis, we closely follow the ODE method approach as outlined in [31]: We

start by introducing a pseudo-time t; = Zf;ol «y, and define two piecewise constant, (stochastic) interpolation
processes by

PO(t) = pOI(—OO,tU](t) + Zpkj[tk,tk+1)(t)7
k=0

oo (12)
Qo(t) = qol(—oo,t0)(t) + Zpkf[tk,tkﬂ)(t)-
k=0
We next consider the shifted sequence of processes { Py }r>0 and {Qx}x>0, defined by
Pr(t) = Pyt + t),
(t) = Po( ) (13)

Qr(t) = Qo(tr +1).

We note that {Py}r>0 and {Qx}r>0 are stochastic processes; they depend on w € 2 through the stochasticity
of the sequences {pi }r>0 and {qx}x>0. For brevity we will refrain from writing out the dependence on w.
The next step is to introduce the concept of extended equicontinuity [20,31]:

Definition 3.8 (Extended equicontinuity). A sequence of R%valued functions {fy }r>0, defined on (—oc, oc),
is said to be equicontinuous in the extended sense if {||fx(0)||}x>0 is bounded and for every T' > 0 and € > 0
there is a > 0 such that

lim sup sup (@) = fr(s)ll < e (14)
k—oo 0<|t—s|<4, t,s€[0,T]

Following [20], we show that the process {Zx}r>0 = {(Pi, Qk) } x>0 is equicontinuous in the extended sense:

Lemma 3.9 (Equicontinuous in the extended sense). Consider {Zy}r>0 = {(Pr, Q) tr>0 where the sequences

{Pr}i>0 and {Qr >0 are defined by (13) (equivalently, by (30)). Suppose that {pk}r>0 and {qx }r>0 are defined
by (10), and that the Hamiltonian is on the form (7). Further, let Assumptions 1, 2 and 6 be valid, as well as
either Assumption 3, 4 or 5. Then {Zy}r>o0 is equicontinuous in the extended sense, almost surely.

This property is used to show that Zy is an asymptotic pseudotrajectory [8] to (9) in the following sense:

Lemma 3.10 (Asymptotic pseudotrajectory). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then the function Zy = (Py, Qo) where Py and Qo are defined by (12) is almost surely an
asymptotic pseudotrajectory to the semiflow ¢ generated by equation (9). That is,

lim sup [[Zo(s+1t) — &(t, Zo(s))|| =0,

5790 te(0,T]

for all T > 0.

The main consequence of this is that the set Lim({(pk, ¢x) }rx>0) is internally chain transitive. The following
proposition is essentially a paraphrasing of [7, Corollary 4.3] combined with [8, Proposition 5.3]:

Lemma 3.11 (Internally chain transitive). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then given that {zx}r>0 = {(pk,qk)} k>0 is determined by (10), the set Lim({zx}r>0) s @
compact, and internally chain transitive set for the semiflow ¢ generated by (9).
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The final step uses the Hamiltonian dynamics. We have

Lemma 3.12 (Lyapunov function). Let Assumptions 1 and 2 be valid, and let V : R?** — R be defined by

where z = (p,q). Then V is a Lyapunov function for By C R?® with respect to ¢.

It follows from Lemma 3.12 that V' is also a Lyapunov function for A = Lim({zx }x>0) N Ex with respect to
the restricted flow ¥ = @[Lim({24},20)s and it can be shown that A # (). Making use of Assumption 1.ii), we
can appeal to [8, Proposition 6.4] (see Remark 3.1) to conclude that any internally chain transitive set for ¢ is
a subset of A. Since Lim({zx}x>0) is such a set by Lemma 3.11, we get Lim({z}x>0) C Eg. This proves the
main assertion of the paper.

4. CONCLUSIONS

In this paper, we have shown that the stochastic Hamiltonian descent algorithm (10), arising as a stochastic
implicit-explicit Euler discretization of (9), under weak assumptions converges almost surely to the set of sta-
tionary points of the objective function F'. In the terminology of [47], this means that the estimator determined
by {qx} is a strongly consistent estimator of a stationary point of F. (Here, the designated asymptoticity is
with respect to the number of iterations instead of the sample size.) Similarly, the result in Corollary 3.6 is
akin to {gx }x>0 being an asymptotically unbiased estimator of a stationary point g..
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APPENDIX A. ANALYSIS

As explained in Section 3.3, the two main steps of the convergence analysis are to first prove that px and g
are finite almost surely, and then to use this a priori result to show that they in fact converge.

A.1. The sequences {py}ir>0 and {q}r>0 are finite almost surely
We first prove Theorem 3.7:

Theorem 3.7 (Finiteness of {px}r>0 and {qi}r>0). Let Assumptions 1, 2 and 6 be valid, as well as either
Assumption 3, 4 or 5. Further, let the Hamiltonian be on the form (7) and let the sequences {pi}tr>0 and
{gr}tr>0 be generated by (10). Then {py}tr>0 and {qx}tr>0 are finite almost surely. Moreover, it holds that
supy>o E [F(qr)] < oo.

The proof relies on the Robbins-Siegmund theorem:

Theorem A.1 ( [48]). Let (2, F,P) be a probability space and Fy C Fa2 C ... be a sequence of sub-o-algebras
of F. For each k =1,2,... let Vi, B, Xx and Yy be non-negative Fi-measurable random variables such that

E [Vk+1|]:k] < Vk(l + 6]@) + Xi — Y.
Then on the set {w : Y, Br < 00, X < oo}, the limit

lim Vo =V

k—o0

exists and is finite and ), Y}, < oco.
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We first consider Setting 1, i.e. with Assumption 3. The strategy is to introduce Vi, = H (pg, qr) — Fx — s =
F(qr) — Fi + ¢(pr) — ¢«, then use L-smoothness of F' and the convexity of ¢ to bound the difference Vi1 — Vj
by a2V}, plus higher-order terms of aj. Then we can appeal to Theorem A.1 to conclude that {py}r>1 and
{gr}r>1 are finite a.s.

Proof of Theorem 3.7 in Setting 1. Let Vi, = H(pk, qx) — Fx — p«. Then we have that

Virr = Vi = Fqr+1) — Fqx) + ¢(pr+1) — o(pr)- (16)

By L-smoothness of F' and convexity of ¢, this is less than or equal to

L
(VF(qr), qrs1 — qr) + §||L1k»+1 — @ill® + (Vo Prt1): Prt1 — Pr)-

We insert (10) into the previous expression to obtain that it is equal to

La?
I + Iy + I3 := ap(VF(qr) — Vf(qr: &), Vo(prir)) + TkHVSD(PkH)HQ — Y (Vo(pet1), Vo(pr)),

where
I = ap(VF(qr) = V f(qr: &), Vo(pr)) + ar(VF(qx) = V f(qk: &), Vo (Prt1) — Vo(pr)).

When we take the conditional expectation (with respect to the sigma algebra generated by &1, ...,&—1) of I,
the first term is 0 by the unbiasedness of the gradient and the independence of {&}:

Ee, [I1] = axBEe, [(VF(ar) — Vf(ar: &), Ve(prr1) — Volpr))] -
Using Assumption 2.i), we can bound I3 as

o apyA?

N
5

Is = =y {(Vo(prs1), Vopr)) < —— IV (prs+1) — Veolpr)|? < [P+1 — prll-

After taking the expectation of (16), we thus get the bound

Ee, [Vis1] = Vi < arBe, (VF(qr) — Vf(qr, &), Vo(prs1) — Vo(pr))]

Lo?
+ EE, [[Vo(prr)lI?] + Ee, [[lpr+1 — prll] (17)

2
= I+ 1+ I

a2
2

We now make use of Cauchy—Schwarz inequality along with the Lipschitz continuity of V¢ to bound I as
I < o XEe, [[IVF(ar) — V£ (ks &)l llprs1 — prell] -

V\t/;e inselilt (10) into the previous expression, and make use of Young’s inequality for products, ab < % + %, to
obtain that

I} < 0@ XEe, [[IVF(qr) — V f(ar, E IV f (ar, &) + vV eo(pi)]]]

2 2
< SEXBe, [IVF () = V(@i 6)I7] + SENEe, [I1V (00 66) + 1 Vp)l2]

Making use of the inequality
Iz = ylI* < 2l2l* + 2]yl (18)
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we can further bound I] by

2
1} < BB, [IVF(a0) = V(a1 €0)I°) + 03 \Be, [V (ar, €0)1I°) + a3 \?Ee, [ V0(01) 2]

At last we make use of Assumption 3.ii) to get that
A (6(F(gqr) — Fo) + 7|[VF(qr)||* + 0?)
+ oA (K(F(qe) = Fo) + (L+7)|[VF(gr)|* +02) + @A Ee, [[[Veo(pi)[1?] -

We now turn our attention to the term I} in (17). Adding and subtracting Vo (py) and making use of Assump-
tion 2.i) we get that

IL < LaZEe, [[Vopr+1) — Vo(pr)||?] + LaiEe, [IVe(pr)]]
< LaiNEe, [lpre1 — pul?] + Lai || Ve(pr) ||
< 2Lap N Ee, [IVF(ar, &)I1P] + (2Logy* N + Lag) | V(i) |17,

where we have used (10) and (18) in the last step. Making use of Assumption 3.ii) again we obtain that
Iy < 2L A (R(F(qr) — Fo) + 1+ 1) VE(qi)|? + 0%) + (2Lagy*A? + Lai) [ Ve (pr) ||
In a similar way, we find that
I < o3y (K(F(qr) = Fo) + (L+ DIV (@) |? + 0®) + aiy® A Veo(pr) |12
Gathering up the terms, we get that
Ee, [Vit1] — Vi < (O‘EA + a2+ 2La\? + aiyﬁ) o?

3
+ aikA (2 + 2LaiA + Ozw)\) (F(gr) — F)

2\
+ (O"“Z T L @2A(L+7) + 2022 (1 +7) + By (1 + 7)> IVF(qi)?
+ (g’ A+ 2Lap Ay + Lag + oy N?) | Ve(pr)|1?.

Making use of Lemma B.1, we see that
O‘%)‘ 2 442 3 72\ 2

3
A <2 + 2L\ + ozk’y/\)

22
+ 2L<a’“27— + N1+ 7) + 2Laf N2 (14 7) + ajy (1 + 7'))

- (aiﬂ + 2L Ay + Log + aiv“W) (p(p) — @)
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Now define N
Ci(ap) = o2 (C“S + 2N+ 2Lap A + azw)
and let Ca(ay;) be the maximum of the terms multiplying F'(qx) — Fi and ¢(pr) — ¢« It follows that
Eg, [Vit1] = Vi < Ci(ag) + Ca(ou) Vi (19)

Since C; and C3 only contain second-order terms of ay, (and by assumption Y -, @i < 00), we have that

ZCl(ak) < 00, ZCg(ak) < 00.
k=0 k=0

We can thus make use of the Robbins-Siegmund theorem A.1 with 8y = Cs(ayx), Xx = Ci(ag) and Yy = 0 to
conclude that Vj, tends to a non-negative, finite, random variable V' almost surely. Since F' and ¢ are assumed
to be coercive, this implies that {py}x>1 and {qx }x>1 are finite almost surely. For the second claim of the proof,

we define
Vi

150 (14 Ca(ay))

01 (Oék)
[15_o(1+ Calay))

Taking the expectation and, summing from 0 to K — 1, we see that

Sk =

By (19), we have that

Ee, [Skt1] < Sk + < Sk + Cr(ag).

K-1
E[Sk] < So+ Y Ci(ow).
k=0
We multiply both sides of the previous inequality with HkK:_Ol(l + Ca(ag))

K-1 K-1
E[VK] S H (1 + Cg(ak)) (So + Z C’l(ak)>

k=0 k=0

k=0

K-1
< er:_ol Ca(ar)) . (SO + Z Cl(ak)> ;

where we have used the fact that 1 +x < e” in the second step. Letting K tend to infinity on the left hand side
and using the fact that >~ Ca(ay)) < co we see that the last claim of the theorem also holds:

sup E [Vi] < 0.
k

O
We now give a proof of Theorem 3.7 in Setting 2, i.e. with Assumption 4.
Proof of Theorem 3.7 in Setting 2. By Assumption 4.i) it holds for ||z — zp41]| < L% that
Lo+ L1||VF(zy
Flein) ~ Fla) < (VP (), mpp — o)+ 2 DIV @ e (20)

2

Since
Qk+1 — Qe = VO (Pr41) (21)
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we get for large enough k that

1
lar+1 — arll = axl|Vepr1)ll < arA < I

by Assumption 4.iii). If we insert (21) into (20), we get

L L
Flgrsr) = Flar) < (VF(a), aka1 = a) + 5 laeen — ael® + IV F @)l laxn — el

By (22), we get that

Lo L
Fare1) — Flge) < ar(VF(qr), Ve (prir)) + *%Az + JQQAQ\IVF(%)H

By Assumption 2.ii) we have that

(Pe+1) — ¢(pr) < (Vo(Prk+1), Pkt1 — Pr)
=~ (Vo(pri1), VI (k&) — ey (VePrr1), Vo(pr))

With H(p,q) = F(q) + ¢(p) and V;, = H(px, qr) — Fx — ¢« as in the previous proof we thus get that

L a? Ly A?
Vi = Vie < an(VE(ar), Vo(prin)) + 5 0 A% + == | VF(qy)|

— a(Vo(pry1), VI(ar, &) — OéW(V@(pkH% Vo(pr)),
which can be rewritten as
L 2L A2
Vier = Vi < an(VE(qr) = VI (@r:€r), Volprsn)) + 5 0f A% + ==
— Y (Vo(rt1), Vo(pr))-

IV (gx)|

We add and subtract V(py) in the first scalar product:

Virr = Vi < an(VE(qr) = V(ar, k), Vo(pr+1) — Vo(pr))
+ ar(VF(qr) — Vf(qr, &), V(o))
Lo ail1A? (23)

+ 5 % ap A + 5 IVF(qr)ll — axy(Ve(pr+1), Vo(pr))

= Il —|—IQ +13

Due to the unbiasedness of V f(gx, {x) and the fact that & is independent of ¢; and pg, we find that E,, [I2] = 0.
We now focus on ;. Taking the conditional expectation and using Cauchy—Schwarz inequality and the Lipschitz
continuity of Vi, we see that

E¢, [11] < afAEg, [IVE(ar) — V£ (an &)l 1V f (ar: &)l + 7 Vee(pr)lD) ] (24)
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We then add and subtract VF(qy) inside the ||V f(qx,&k)|-term and use the triangle inequality as well as the
assumption that [|[Ve(pg)| < A:

Ee, [1] < afAE¢, [IVF () = V£ (ar, &)l (IVF(ar) = V£ (ae: &) | + IV (gi)l| +~A)]
= g, [[IVF(qr) =V (ar, &)I* + IV E(ar) = V far, DIV E (@) | + YAIVF(gr) = V f (ar: )]

= ai)\(Esk [IVF(qr) = V f (ks E)IIP] + Ee, [IVF(qr) — Vi (qr, &) (IVF(gx) | +7A))
= a2 \I; + I).

The second-to-last equality holds because &, and |[VF(qy)|| are independent. By Assumption 4.ii), I] < o2.
Further, by Lemma B.1,

L
IVE(qr)ll < 2L1(F(qk) — F.) + f?
so that by Remark 3.3, we have
L
I3 < 20 Ly (Fla) = o) + 72 + 07A
1
and thus
2 5y 2, QiAo 2
Ee, [11] < 2aiAoLi(F(qx) — Fi) + azAo” + I + azAoyA. (25)
1

We can bound the inner product in I3 by noting that for any w, v it holds that
—(u,v) = —(v,0) + (v = u,v) < ||v]|* + [lv - ul|]Jo]|.
Thus,

— oY (Vo(prs1), Veo(pr)) < —ar||[Veoli)|I? + arl|Ve(prs1) — V(i) |V (pr) |
< AV £ (qr, &) — YV (pr)||A.

By Remark 3.3, adding and subtracting VF(qx), and applying Lemma B.1 we therefore get

OékLl

Ee, [I3] < L20 apA? + IVE (i) | + 0fyAD (e, [I1V £ (g, €)1 + 71 Veo(pw) 1)

L @ L A?

< Doz y ( il +azm)nw<qk>u + b AA(E VS0 6) ~ VF@ll+18)
Lo

< 7akA2 +aiyAA (0 +7A) + akAQ—O A’Mf + AR ALY (LA + 297) (F(qr) = FL)

By gathering up the terms in the bounds of E¢, [I1] and Eg, [I3] from (25) and (26) we see that
Ee, [Vis1] = Vi < Cr(ar) + Coan)(Fqr) — F)

where

ozi)\aLo
Ly
Colay) = 203 0Ly + a2 A?L3 4 203y\AL;.

L
Ci(ay) = ai o? + + AZATYA + Loz A? 4+ a2y Ao + aiy* AA? + aiA’y/\L—O,
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Since ¢(pr) — @« > 0 it follows that F(qx) — Fix < H(pk,qr) — Fx — @«, so in conclusion we have
Ee, [Vit1] — Vi < Ci(a) + Caaw) Vi, (27)

Since Y~ Ci(ag) < oo for i = 1,2, we can appeal to the Robbins-Siegmund theorem A.1 to conclude that
limy_,00 Vi exists and is finite almost surely. Since F' and ¢ are coercive this implies that sup,||px| < oo and

supy ||lgx || < oo almost surely.
O

Remark A.2. We note that the main reason for the stronger Assumption 4.ii) in Setting 2 compared to
Assumption 3.ii) is to be able to bound the terms

E¢, [IVF(qr) = VI (ar, € IVE(gr)ll and  Eg, [[IVF(ax) = Vf(ax, &)II°]

which arise from the first scalar product of (23). In order to apply the Robbins-Siegmund theorem, these need
to be bounded in terms of F(qx) — Fi. As shown above, this is possible under Assumption 4.ii). But under
Assumption 3.ii), these both lead to ||V F(gx)||*>-terms. By Lemma B.1, we can therefore only guarantee a bound
in terms of (F(gr) — Fi)? in this setting. Unfortunately, Lemma B.1 can not be improved to bound ||V F(z)]|?
in terms of F'(q) — Fi (cf. [66, Lemma A.5]), this requires a stronger Lipschitz assumption like Assumption 3.i).
Under the weaker assumption that V[V f(z,&)] < w2 (F(x)— F.) + 7%|VF(z)|| + 02, the second term
Ee, [IVF(ar) — V f(qr,&k)||?] is bounded in terms of F(gx) — F. and thus no longer an issue. However, while
we can use the inequality /2 < z+ 1 to bound also Eg, [|[VF(qr) — V f(qk,&k)||] in terms of F(gx) — Fl, this is
not sufficient due to the multiplication by ||V F(¢x)| which gives us another factor F'(g;) — F. Similarly, setting
7 = 0 and thus removing the VF(z)-term altogether still leaves us with a bound involving (F(gx) — F,)%/>.
Removing the extra (F(gx) — F.)'/? requires us to also set x = 0, which is equivalent to Assumption 4.ii).

Proof of Theorem 3.7 in Setting 3. Let F, be as in Lemma B.2. By Lemma B.2, we have that the right-hand
side of (24) can be bounded by

apABe, [[VF(qr) = V[ gk, )] QLN (F(qr) — Fu) +74).
By Assumption 5.ii) this can in its turn be bounded by
apAa (2L1N(F(qx) — F.) +~A).

The rest of the proof proceeds exactly like that of Setting 2 (with suitable modifications of the constants in the
bound (27)). Similarly to the proof in Setting 1, we can also define

Vi
1520 (1 + Ca(ay))

Sk =

and in a similar fashion obtain that sup, E[F(gx)] < +oc. O

A.2. Integral form of (P, Q%), part 1

To prove convergence, we start by considering the integral form of (9), namely

p(t) = p(0) — / VF(g(s))ds — 4 / Veo(p(s))ds,
(28)

q(t) =q(0)+/0 V(p(s))ds.
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Next, we rewrite the processes (13) on a form that is more reminiscent of this integral form. As in [31], we use
the convention that

k
Zai =0, if k=n—1 (the empty sum),
k n—1
Zai:— Z a;, ifk<n-—1.
i=n i=k+1
By introducing the function
it <t <t
m(t) =7 =S b (29)
0, t<0,
we can write (13) as
m(tk-i-t)—l

Pi(t) = pr + Z (Pi+1 — i),
i=k

(30)
m(ty+t)—1
QW =g+ Y. (@41 —a)
i=k
Using the fact that py = Px(0) and ¢ = Q% (0), along with the update (10), we can rewrite (30) as
m(ty+t)—1 m(t,+t)—1
Pu(t) =Pu(0) = Y aiVF(g)+Me(t) =7 > aVe(p),
i=k i=k
m(ty+t)—1 (31)
Qu(t) =Qr0)+ Y aVe(pin),
i=k
where
m(t,+t)—1
My (t) = Z ;0 M;
i=k

and 0M; = Vf(g;,&) — VF(g). In the next section, we show that the process {Mj}r>o converges uniformly
on compact sets, almost surely, to 0.

A.3. Convergence of the sequence {Mj}
The following lemma is an adaptation of part 1 of the proof of Theorem 2.1 from [31]:

Lemma A.3 (Convergence of {My(t)}r>0). Suppose that Assumption 1, 2 and 6 holds, along with either
Assumption 3, 4 or 5. Then, the sequence {My(t)} k>0 converges uniformly on compact sets almost surely to 0.
More precisely, for any T it holds that
lim sup ||My(t)|| =0, (32)
k=00 tei0,1]
almost surely.

Proof. Closely following the proof of Theorem 2.1 in [31]: We let F; = o(&1,...,&;). By definition, we have

that
mte+t)—1

Mk(t) = Z aiéMi,

i=k
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where 6M; =V f(¢;,&) — VF(¢;). Define
j—1
Mj = Zai(sMi,
i=0
so that

We will show that Mj is a martingale sequence. We first note that
E [Mjﬂlfj] = Mj,

by Assumption 1.iii) and the fact that the noise is independent. Next, we demonstrate that

E137;1] < oo, (33)
Note that
-1 2 -1 -1 i—1
E [Wlﬂ —E l S aidMi|| | =E [ S a2IM2 +23° S sy (6M;,6M;)
1=0 i=0 i=0 j=0

-1
=E lz af||5M121 ;

i=0
where we have used the fact that for j <
E[(6M;, 6M;)] = E [E [(6M;, 6M;)|F;]] = E [(E [6M]F;],0M;)] = 0,

since M; is Fj-measurable and E [0M;|F;] = 0 (recall that &; is independent of F;).
In the case that Assumption 4.ii) holds, we have that

E [|6M;]|*] < oc. (34)
Under Assumption 5, we get that (34) holds by Lemma B.4. If instead Assumption 3.ii) holds, we have that
E [II6M;a| Fill?] < 6(F(qr) = Fo) + (1+ 1) [V F(gi)|* + 0.
By Assumption 3.i) and Lemma B.1, |[VF(qx)||> < 2L(F(qx) — F%), so by Theorem 3.7 the expectation of the
right-hand side is finite. Thus (34) holds also in this case. Since this in particular means that also (33) is

satisfied, we have shown that M is a martingale in each of the considered settings.
We now show that (32) holds. By Doob’s submartingale inequality [31,60], we have for every p > 0 that

E (|6 - 02| B[ cuo i)

2 2 ’

I

P ( sup || M — My = u) <
k<i<i p

which implies that

P ( sup||M; — M| > <C 0%27
(s, =) <3
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and hence
kli_)n;o}P’ (ilg)HM] — My > ,u) =0.
By Theorem 1(b) in [53, Section 2.10.3], the sequence {M;};>¢ is thus a Cauchy sequence almost surely, and

by Theorem 4 in [53, Section 2.10.5] therefore converges almost surely. Thus limy_, sukajHMj — M| =0
holds almost surely. Since for any interval [0, T] we have that

sup |[My(t)| = sup |Mpre) — Mil = sup  [|M; — My < sup||M; — M|,
te[0,7) te[0,77] kE<j<m(tp+t) k<j
the lemma follows. O

A 4. Equicontinuity of the sequences {P;};>0 and {Q}r>0

The goal of this section is to show the following lemma.

Lemma 3.9 (Equicontinuous in the extended sense). Consider {Zx}r>0 = {(Pr, Qr)} k>0 where the sequences

{Pr}r>0 and {Qr}r>0 are defined by (13) (equivalently, by (30)). Suppose that {px}r>0 and {qx}r>0 are defined
by (10), and that the Hamiltonian is on the form (7). Further, let Assumptions 1, 2 and 6 be valid, as well as
either Assumption 8, 4 or 5. Then {Zy}r>o0 is equicontinuous in the extended sense, almost surely.

This will be accomplished by instead verifying the following equivalent condition:

Lemma A.4 (Equivalent definition of extended equicontinuity). A sequence of functions { fx} x>0, fr : R — R?
is equicontinuous in the extended sense if and only if {|| fx(0)||}x>0 is bounded and for every T and e > O there
exists a 0 > 0 and a null sequence (ar),~q (that is, limg_, ar, = 0) such that

sup || fi(t) — fu(s)|| < €+ ax. (35)
0<|t—s|<4,
t,s€[0,T]

Proof of Lemma A.4. By definition, (14) is equal to

lim by <€
k—o0

with
bp:=sup sup ||f;(t) = fi(s)]-
J>k 0<|t—s|<4,
t,s€[0,T7]
Define

ar, = max{0, by — €}.

Then (ax),, satisfies all the requirements; ay, is clearly positive and by continuity of the function max{0,z} it
holds that

lim aj = max{0, lim b — e} =0,
k—o0 k—o0

as limy_, o0 b — € < 0. Furthermore, we have that
sup |[|f(t) = fu(s)]| < br < €+ ax,

0<|t—s|<4,
t,s€[0,T]
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for every k and thus we have shown that (35) follows from (14). We now show the converse. Suppose that (35)
holds. Taking the supremum of (35) we obtain

sup  sup [|f;5(t) — fi(s)|| < e+ supa;.
j>k 0<|t—s|<3, Jj>k
t,s€[0,T

We finally take the limit with respect to k

lim sup sup | f;j(t) — f;j(s)|| < e+ lim supa; =: € + limsup ag.
k—>00j2k 0<|t—s|<8, k—o0 >k k— 00
t,s€[0,T]

But as limg_yo ar exists by assumption and equals 0, limsup,_, . ar = limg_,o0 ar = 0. We thus conclude
that (14) holds. O

We now turn to the proof of Lemma 3.9.

Proof of Lemma 8.9. Closely following Lemma 2 in [20]: We want to show that the sequence {Zj}i>0 =
{(Py, Qk) } >0, where {Px}r>0 and {Qx}r>0 are defined by (13), is equicontinuous in the extended sense.
First, we note that the sequences {P;(0)} and {Q(0)} are finite except on a set of measure 0, since by
Theorem 3.7 sup,||px|| < oo and supy||gx|| < oo almost surely.
By Lemma A.4 we are done if for every ¢ > 0, there is a sequence {ay}r>0 such that limy_,c ar = 0 and a
6 > 0 such that

sup || Zx(t) — Zi(s)|| < €+ ak, as. (36)
t—s|<9,
l,se[‘[fT]
By (31), we have that
m(ty+t)—1
1Pe(t) = Pu(s)| < Cw) Y ai + [Mi(®)l| + | Mi(s)]], (37)
i=m(tr+s)

where C(w) = sup,||VF(q;) —vVe(p;)||. By the boundedness of p, and gj along with the continuity of VF and
Vi, we have that C'(w) < 0o, a.s. The sum on the right-hand side of (37) can be rewritten as

m(thrt)*l

Z O = t(t4t) — tm(tpts)-
i=m(ti+s)

By definition of m, (29), we have that
Un(tett) — tm(tets) <t T 1 — bn(tpts)- (38)

But we also have
tm(tk-i-s) <tpt+s< tm(tk+s)+17
and hence the right-hand side of (38) can be rewritten and bounded as follows

te+t— (tk+8) + (tk +8) — tin(trrs) < (8= 8) + tin(tyts)+1 — tm(tpts)-
Now, Lyt +5)+1 = bm(tets) = Um(t+5)+1 and hence we see that

1Pe(t) = Pr(s)l| < C(w) (It = sl + qmers)41) + M)l + | Mi(s)]
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Let € be greater than 0. There are now two cases. If C(w) = 0, (35) clearly holds for any § > 0. If C'(w) # 0,
then take ¢ > 0 so small that C(w)d < e. We then have

‘tsu‘p(S [Pk (t) = Pr(s)]| < |tsu|p6 (C@)(It = s + ameyrsy+1) + MR + [[Mi(s)])
—s|<o, —s|<o,
t,s€[0,T] t,s€[0,T)

< e+ Clw)ame) 1 + 2 Mp(T)]-

By Lemma A.3, limy_, o ||My(T)|| = 0 a.s. and we see that (35) in Lemma A.4 holds almost surely. A similar
argument yields an analogous bound for @, and by the equivalence of norms on R??, we obtain (36). 0

A.5. Integral form of (P, Qf), part 2

We now use the extended equicontinuity established in Lemma 3.9 to continue the reformulation of (P, Q)
into a form closer to (28). The following lemma extends (31):

Lemma A.5 (Integral form of (P, Qx)). Under the same assumptions and notation as in Lemma 3.9, we can
write

Pu(t) = Pu(0) - / VE(Qu(s))ds — 5 / V(P (s))ds + My(t) + (),
(39)

Qu(t) = Qu(0) + /0 Vo(Pe(s))ds + ve(t) + (1),

where the functions { My} k>0, {t k>0, {Vktr>0 and {ki}i>0 converge to 0 uniformly on compact sets almost
surely.

Proof. We start by showing that the first sum in Equation (31) satisfies

’I’I’L(tk+t)fl

_ aiVF(q,»):—/O VE(Qi(s))ds + 1 4 (0),

i=k

where {1 x>0 is a sequence of functions that tends to 0 uniformly on compact intervals. Consider

L= — /O VF(Qx(s))ds.

Then, since t; + s belongs to a single interval [t;, t;11),

t e’}
I, = */ (VF(QO)I(—oo,tO)(tk +5) — ZVF(Qi)I[ti,tHl)(tk + 5)) ds
0

=0

t oS}
= _/ (vF(qo)I(OO,totk)(s) - ZVF(qi)I[titkati+1tk)(s)> ds.
0

=0

Since s € [0,t] and tg—t; < 0, the first term disappears. For i < k, we have that ¢;; —t; < 0. We can therefore
start the sum at ¢ = k, as earlier terms will not contribute to the integral. Thus,

t o0
I, = */ < VF(Qi)I[ti—tk,tHl—tk)(5)> ds.
0

i=k
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Now suppose that ¢t; — ¢, <t <t;11 —ti. We split up the previous integral as follows:

i=k itk

ti—tk j—1 ‘
I, = —/ (Z VF(qi)I[ti—tk7ti+1—tk)(8)> ds —/ VF(qe) it~y t;00—t0)(8)ds
0 t
j—1
== Z VF(qi)ai — VF(qj) (t — tj + tk) ,
i=k

where we have used that fotrt’“ T, —ty i1 —t) (5)ds = ;. Using the fact that m(t+tx) = j, we can rewrite this

further as
m(ty+t)—1

Iy=— Y VF(g)ai— (),
ik

where i1 1(t) = VF(qm(te+t)) (t — to(tatt) T tk). The function i 5 is piecewise linear and 0 at t = t; — .
Since supy||gx|| < oo a.s. by Theorem 3.7, the set {g;} can be enclosed in a compact set. As VF is continuous
in each of the settings that we consider, a positive random variable C'(w) which satisfies

||VF(qm(tk+t))|| < C(w) <00, a.s.,

thus exists. Hence, it holds that
k@) < Cw)|am, +0)l-
Now, we have that limy_, o Sup,cjo, 77 @m(t,+¢) = 0 for any fixed T', since limy_, oo o = 0, and thus 11 5 converges
to 0 uniformly on compact intervals.
In a similar fashion we obtain for the last term in (31) that

m(tp+t)—1

- > aiVelp) = 7/0 Vo (Pr(s))ds + pa,k(t),

i=k

where {2k }x>0 converges uniformly on compact sets to 0. Letting p, = p1 k +yf2,5, We obtain the expression
in the first line of (39).

We now turn our attention to the second line of (39). By an argument analogous to the previous, we can
write the second line of (31) as

Qu(t) = Qu(0) + / (P ())ds + v (8),

where vy converges uniformly on compact sets to 0. We can rewrite the integral on the right-hand side as

| VePaaehds = [ TePraa(s)) = VotPuls)ds + [ V(P
0 0 0

=k (t)

By the Lipschitz continuity of Vi and the definition of Py (13),

(@) < / Al Pesr(s) — Py(s)lds = / A|Pe(o + ) — Pu(s)]|ds.

Since {Py(t) }r>0 is equicontinuous in the extended sense by Lemma 3.9, there is for each T and e >0 a6 >0
such that

lim sup sup |1 Pi(or + s) — Pre(s)|| <e. (40)
k—oo |t—s|<d, t,s€[0,T]
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What remains is to show that {sy}r>0 converges uniformly on compact sets to 0. For any T', we have that

T
lim sup ||ke(t)]] < lim / M| Pi(ag+1 + s) — Pre(s)||ds
k‘*}OOte[()?T] k—o0 0

since the integrand is positive. By Theorem 3.7, we can bound || Py (ap41+5) — Pi(s)|| < 2sup,cg||Pe(t)]] < oo.
Thus, we can use the Lebesgue dominated convergence theorem and take the limit inside the integral:

T
lim sup ||&k(t)]| S/ lim \||Px(agy1 + s) — Pi(s)||ds.
k—o0 tE[U,T] 0 k—o0

By (40), we can make the integrand arbitrarily small by choosing k so large that a1 < 4. O

In the next section, we use the integral form of the processes { Py } x>0 and {Qx }r>o0 to establish that (Pp, Qo)
is an asymptotic pseudotrajectory for (9). This essentially means that (Pj, Q) asymptotically satisfies (28).

A.6. Asymptotic pseudotrajectory

Definition A.6. A function X : R — R2?¢ is an asymptotic pseudotrajectory to a semiflow ¢ if

lim —sup [|X(s +1t) = o(t, X(s))[| =0,

85790 ¢¢(0,T)

for all T" > 0.

Remark A.7. Definition A.6 differs from the definition encountered in e.g. [7,8] in that it requires the function
to be continuous. In our case, the extended equicontinuity (Definition 3.8 plays a similar role (see the proof of
Lemma 3.10, but we omit this from the definition.

Lemma 3.10 (Asymptotic pseudotrajectory). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then the function Zy = (Py, Qo) where Py and Qo are defined by (12) is almost surely an
asymptotic pseudotrajectory to the semiflow ¢ generated by equation (9). That is,

lim sup [|[Zo(s+t) — ¢(t, Zo(s))]| =0,

S—00 te [O,T]

for all T > 0.

Proof. Tt is sufficient to show the lemma under the (Lg, L1 )-smoothness assumption given by Assumption 4.i),
since Assumptions 3.1) and 5.iii) are special cases of this. We have by (39) that

12(6) = 6(t, 20) ]| < I1PL(6) = (.2 + 1Qu(O) = (b,
= [ vr @ - osmnas| + | [ Toe - apemnas e ano s m|

+ ‘ /Ot Vo (Pe(s) = 8p(s.pr)) ds + va(t) + “’“(t)H

By Assumption 4.i), the first term satisfies

/0 VF (Qu(s) — dqls,pr)) ds| < / (Lo + Lil[VF (Qu(s)) |Qx(5) — dq(s, pi)1ds.
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For the |[VF (Qx(s))[-term, we note that this is less than or equal to supysql|VF (gx)||, which is bounded
almost surely by Theorem 3.7 and the continuity of VF'. Using the Lipschitz continuity of Vi we get that the
right-hand side of (41) is less than or equal to
¢ ¢
/ (Lo + Lisup|[VF (Qk)H) 1Qk(s) — dq(s, qr)llds +/ 2\ Pi(s) — ¢p(s, pe)llds
0 > 0
+ I MO + e @O + [l @1 + [l @]

Hence, we can find a constant C' such that

t
1Z1(t) — o(t, 2i) || < /O CllZ(s) = o(s, zi) | ds + [[ M ()] + e @)1 + [l (@1 + l[mr(E)]]-
By Gronwall’s inequality, compare [15], it holds that

1Z () = (¢, 2) | < (1M + (O + (O] + w11 €.

Since all the terms within the brackets on the right-hand side converge to 0 uniformly on compact intervals, it
follows that

lim sup || Zk(t) — o(t, 21)|| = 0,
k—oco tE[O,T]

almost surely. Thus the second term in the right-hand-side of the inequality

sup [1Zos +1) — 6(t, Zo(s)I| < sup | Z0(5 +£) — Zo(tmey + 1)

te[0,T] te[0,T]
+ sup ”Z()(tm(s) + t) - ¢(ta ZO(tm(s)))”
t€[0,T]
+ sup ||¢(ta ZO(tm(s))) - ¢(t7 ZO(S))”
t€[0,T]

tends to 0. The first term also tends to 0 as s — oo since Zj is continuous in the extended sense. Finally, the
third term tends to 0 by the continuity of ¢. It follows that Z, satisfies

lim sup || Zo(s+1t) — o(t, Zo(s))|| = O,
Eimde el tE[O,T]

for all T' > 0, almost surely, and thus Zj is an asymptotic pseudotrajectory to ¢. O

A.7. Chain transitivity
Definition A.8 (Chain transitivity). An (e, T)-pseudo orbit from x to y is a sequence of points {z;}, and

time points ¢t; > T, such that xo = x and z,, = y and

lp(ti, zi) — zia1] <e

An invariant set A is said to be internally chain transitive if for each a,b € A and T > 0,¢ > 0 there exists an
(e, T)-pseudo orbit from a to b.

The following result is essentially a paraphrasing of [7, Corollary 4.3] combined with [8, Proposition 5.3]:

Lemma 3.11 (Internally chain transitive). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then given that {zx}r>0 = {(Pk,qk)} k>0 s determined by (10), the set Lim({zx}r>0) s @
compact, and internally chain transitive set for the semiflow ¢ generated by (9).
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Proof of Lemma 3.11. The proof is very similar to the proof of Corollary 4.3 in [7], except that our Zj is
piece-wise constant rather than the linear interpolation in [7]. This influences how Lim(Zy) = Lim({zx}x>0)
is established and the argument for why Lim({zx}r>0) is connected and compact. But the former follows
immediately from the fact that Z, only takes on the values of {zj}x>0, and by [3], the set of limit points is
connected for almost every w. Since it is also closed and bounded by Theorem 3.7, it is compact for almost all
w. The rest of the proof proceeds like in [7], making use of Lemma 3.10. This shows that Lim({zx}r>0) is a
connected internally chain recurrent set. But by [8, Proposition 5.3], such a set is internally chain transitive. O

A.8. Hamiltonian dynamics

By Lemma 3.11, Lim({zx}x>0) is internally chain transitive. We will now relate Lim({zy}x>0) to Ex by
using that we have a Lyapunov function for the flow generated by (9). Let us first specify exactly what we
mean by a Lyapunov function:

Definition A.9 (Lyapunov function). Let ¢ be a semiflow on a metric space W and let A C W be an invariant
set for ¢. A function V : W — R is called a Lyapunov function for A if the function t € Ry — V(¢(t,x)) is
constant for z € A and eventually decreasing for z ¢ A.

Remark A.10. In [8], the above definition is stated as “strictly decreasing” rather than “eventually decreasing”.
However, the results in [8] which we will use only require the latter. The critical part is that the Lyapunov
function does not remain constant for all time when x ¢ A.

Lemma 3.12 (Lyapunov function). Let Assumptions 1 and 2 be valid, and let V : R?¢ — R be defined by

where z = (p,q). Then V is a Lyapunov function for Eg C R2? with respect to ¢.

Proof. Let z(t) = (p(t), q(t)) denote the solution to (9) with initial condition zy = (po,qo). The function V is
constant if and only if H(p(t), ¢(t)) is constant, and we have

%H(p(t)&(t)) = =7 Vep®)|*.

That zg € Ey means that VF(gy) = 0 and Vp(pg) = 0. Then by (9) also 2(t) = 0, and in particular
V(p(t)) = 0. Thus V is constant on Ep. Outside Ey there are two cases; either Vo(pg) # 0 or VF(qo) # 0.
In the former case, S H(p(t),q(t))|1=o < 0, so V' is decreasing. In the latter case, we could potentially have the
situation that V(p(t)) = 0 for all ¢ > 0 (and thus ¢(t) = qo) but VF(qo) # 0, so that (p(t),qo) ¢ En for any
t. However, this is precluded by the convexity and coercivity assumptions on ¢, in the following way. Since
Ve(p(t)) =0 and ¢(t) = qo is constant, we get p(t) = —VF(qo), so that

p(t) = po — VF(qo)t.

Thus ||p(t)|| — oo as t — oo, which means that also ||p(p(t))|| — oo as t — oo since ¢ is coercive. But by the
convexity of Vi we have that for any x € R",

e(x) = (pt)) + (Ve(p(t)),z — p(t) = ¢(p(t)),

which implies that ¢(x) = oo for every x € R™. This contradicts Assumption 2, and thus there must exist a
t > 0 such that V(t) # 0. This means that V' is eventually decreasing.
O
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A.9. Proof of the main theorem
We will now make use of the following proposition from [8] to prove the final result:

Proposition A.11 (Proposition 6.4 in [8]). Let ¢ be a semiflow on a metric space W and A C W a compact,
invariant set. Let V : W — R be a Lyapunov function for A and suppose that V(A) has empty interior. Then
every internally chain transitive set is contained in A.

Theorem 3.5. Let Assumptions 1, 2 and 6 be satisfied, as well as either Assumption 3, 4 or 5. Then {qi k>0
converges almost surely to the set of stationary points of the objective function F. If we additionally assume
that Assumption 7 holds, the convergence is to a unique stationary point.

Proof. Let ¢ be the semiflow generated by (9). The following statements all hold almost surely. By Lemma 3.11,
Lim({zx }r>0) is a compact and internally chain transitive set for ¢. It is therefore in particular an invariant set
for ¢. Now set A = EyNLim({zx }x>0). Then A is also invariant for ¢, since Ey clearly is and the intersection of
two invariant sets is invariant. Further since Ey is closed and Lim({zj }r>0) is compact, A is compact. Finally,
A is non-empty, because for any z € Lim({z }x>0), {¢(¢, 2) }i>0 is a compact subset of Lim({zx }x>0). We can
thus extract a subsequence such that Lim(¢) 3 Z = lim,, o0 ¢(tn, 2) € Lim({zx}x>0). Since Lim(¢) C Ey by
the same argument as in [59, Theorem 15.0.3], Z € A # 0.

Due to the invariance of Lim({z}x>0), we can consider the restricted semiflow ¥ = @|pim({z,},0), and it
follows from Proposition 3.12 that the function V defined in (15) is a Lyapunov function for A with respect
to W. Since Lim({zx}r>0) is internally chain transitive by Lemma 3.11, and V(A) has empty interior by
Assumption 1.ii). Proposition A.11 then shows that

Lim({zk}kzo) CAC FEy.

This proves the main assertion of Theorem 3.5. Under Assumption 7, the set Ey consists of isolated points and
clearly the convergent sequence can only approach one of these points arbitrarily closely. O

Corollary 3.6 (Convergence in expectation). Let Assumptions 1, 2, 6 and 7 be valid. Further, let the Hamil-
tonian be on the form (7) and let the sequences {pi}r>0 and {qi}tr>0 be generated by (10). Then it holds
that

lim E[||[VF(g)||°] =0,
k—o0
where 0 < 0 < 2 under Assumption 3 and 0 < 0 < 1 under Assumption J or 5.

Proof. From Lemma B.1 we have that |[VF(qx)||* < 2L(F(gx) — F) under Assumption 3. By Theorem 3.7 we
therefore obtain that

supE [V F(gu)[*] < oo.
By Lemma 3 in [53, Chapter 2.6] with G(t) = t*/? and ¢, = |[VF(q,)|?, the sequence {||VF(qx)||?}r>0 is
uniformly integrable for 0 < # < 2. Since ¢ — ¢« a.s. by Theorem 3.5 and VF(g.) = 0 we also have that

[VF(qx)||? — 0 a.s. Thus by Theorem 4 in [53, Chapter 2.6], E [|[VF(gx)||?] — 0. The argument is the same
under Assumption 4 or 5, but in these cases Lemma B.1 only guarantees that

sup [IVE(ge)ll] < oo
The sequence {||VEF(q)||’}r>0 is therefore only guaranteed to be uniformly integrable when 0 < 6 < 1. O

APPENDIX B. AUXILIARY RESULTS

The following results summarize important consequences of the assumptions in Settings 1-3.
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Lemma B.1. Let F' be bounded from below by F.. If F is (Lo, L1)-smooth, i.e. satisfies Assumption 4.1), it
holds that

IVE(q)l| < 2L1(F(q) — Fi) + 7.
If F is instead L-smooth with Lipschitz constant L, i.e. satisfies Assumption 3.1), it holds that
IVF(q)||* < 2L(F(q) - F.).
Proof. Consider first the (Lo, L1)-smooth case. Put

1

q+ =4q — WVF(Q), (42)

so that g+ — q| = L% and the conditions for (21) in [66] are satisfied. Thus it holds that

Lo+ L1||VF( )l
F(qr) = F(g) < (VF(q).q+ —a) + g+ — all*.
Inserting (42) into the previous expression we see that
1 Lo+ Li[|[VF(q)|| 1
Flqy) — Flq) < ——IIVF(q)l + R
Ly 2 L3
Rearranging the terms, we find that
Lo 1
F(Q+)—F(Q)<—7||VF( W+ - =
2 12
One more rearrangement yields
Ly
[VE(q)| <2L1(F(q) — Fg+)) + I,
Since F(qy) > F. we obtain the statement of the first part of the Lemma. The proof of the second part is very
similar but simpler, and therefore omitted. O

Lemma B.2. Let F satisfy Assumption 5.i) and f(-,§) satisfy Assumption 5.iii). Then

L
IVF(a Oll < 2N Ly (Fla) = ) + 7 (43)
almost surely, where F, = + vazl inf cpa fi(x).
Proof. We start by showing that there exists a constant C' such that
£e,6) = it f(2,) < C(F() ~ F), (44)

almost surely. First we note that by the properties of inf it holds that

1
nf f(2,6) = mf(wdzﬁ )- -;gﬂgd<zf1 )>|B£|-Z il ().

i€ B¢ i€ Be
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Hence
f(z, &) — 1nf f(z,8§) = ?f ,ez}_;&fl —xienﬂgdf(xag)
% inf i .
E Z;;&f |B \ ieZBi xleanf(x)

Since f;(x) —inf,cpa fi(x)) > 0, the previous expression can be bounded by

As 1 <|B¢| < N, (44) holds. Since f(-,&) is (Lo, L1)-smooth, it further holds that
195600 <220 (f(2€) — i, f0,6)) + 2.
rcRd 14

Combining the previous expression with (44), we obtain (43). O

Remark B.3. Note that for fixed, deterministic z, (43) implies that the norm |V f(x,£) — VF ()] is bounded
almost surely. This means that around a stationary point g. or for the initial iterate go (which in this paper
is assumed to be deterministic), the norm of the noise is not heavy-tailed. When x = ¢, is a random variable
this is no longer the case. This is in line with e.g [26], in which it is reported that the noise is not heavy-tailed
initially.

Lemma B.4. Under Assumption 5 it holds that

E[IVF(qr) = V£ (an, &)1%] < 400, (45)

where {qi } x>0 is determined by (10).
Proof. By Lemma B.2 and the triangle inequality it holds that

IVE(@) - Vi &) < 2Ny (Fla) - F) + 22 4 [V F(g)]

L
2L

< 2L (N +1) (F(gr) — Fu) + I,

where we have used Lemma B.1 to bound the ||[VF(gy)||-term in the second inequality. We can use this to
bound one of the powers in the expectation of (45):

Ee, [IIVF () — VF(ar, &6)II°] < B, [IVF(ar) = Vf (gi, )] (2L1(N +1) (Flgr) — Fi) + ZLO)

§0-<2L1(N+1)(F(q) F)+2LL10)

where we have used Assumption 5.ii), along with the fact that g is Fp-measurable (hence we may take the

F(gy)-term outside of the conditional expectation) while & is independent of F. Taking the total expectation
of this, we find that

E[IVF(ar) = V(&)%) <o <2L1(N + DE[F(qr) — F.] + 2L0) ,
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By Theorem 3.7 we have that sup,~q E [F(qr)] < oo, and thus (45) follows. O

APPENDIX C. EXISTENCE AND UNIQUENESS OF SOLUTIONS

When Assumption 3.i) is satisfied, the solutions to (9) are clearly unique and exist for all ¢ > 0. Under
Assumption 4.i), this is not so obvious anymore. Essentially this follows from the coercivity Assumptions 1.i)
and 2.iii), and in this section we elaborate on why this is the case. For brevity, let z = (p, ¢) and let

= f(2) (46)

denote the system (9). Put V(z) = H(p, q) — Fx — ¢, where the infima F and ¢, are defined in Assumptions 1
and 2, respectively. Then V is a Lyapunov function for (46) by Lemma 3.12 and, by construction, V(z) > 0.
We also note that by Assumption 1.i) and 2.iii)

lim V(z)=oc.
llz]]—o0

By Theorem 10.1 in [63] (see also Theorem 1 in [62]), it follows that the solutions to (46) are equi-bounded,
in the sense that for a given B > 0, there exists a C' such that all solutions with initial conditions ||zo|| < B
satisfies ||z(¢)|| < C. Thus the solutions to (46) are defined for all ¢ > 0, compare §23 in [32]. Since Ve
is Lipschitz continuous and VF is locally Lipschitz continuous, the vector field in (9) is locally Lipschitz
continuous. Repeated applications of the Picard—Lindel6f theorem, see e.g. [65, Theorem 3.A], therefore shows
that the solutions are unique.
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