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ALMOST SURE CONVERGENCE OF STOCHASTIC HAMILTONIAN DESCENT

METHODS ∗

Tony Stillfjord1 and Måns Williamson2

Abstract. Gradient normalization and soft clipping are two popular techniques for tackling instability
issues and improving convergence of stochastic gradient descent (SGD) with momentum. In this
article, we study these types of methods through the lens of dissipative Hamiltonian systems. Gradient
normalization and certain types of soft clipping algorithms can be seen as (stochastic) implicit-explicit
Euler discretizations of dissipative Hamiltonian systems, where the kinetic energy function determines
the type of clipping that is applied. We make use of dynamical systems theory to show in a unified
way that all of these schemes converge to stationary points of the objective function, almost surely,
in several different settings: a) for L-smooth objective functions, when the variance of the stochastic
gradients is possibly infinite, b) under the (L0, L1)-smoothness assumption, for heavy-tailed noise with
bounded variance, and c) for (L0, L1)-smooth functions in the empirical risk minimization setting,
when the variance is possibly infinite but the expectation is finite.
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1. Introduction

In this article we consider the unconstrained optimization problem

min
q∈Rd

F (q), (1)

where F : Rd → R is an objective function. A common case in mathematical statistics and machine learning is
the empirical risk minimization setting, where F is a weighted sum of loss functions:

F (q) =
1

N

N∑
i=1

fi(q), (2)

with fi(q) = ℓ(h(xi, q), yi). Here, {(xi, yi)}Ni=1 is an underlying data set of feature-label pairs in the feature-label
space X ×Y, h(·, q) is a model with model parameters q such as a neural network or a regression function, and
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ℓ is a loss function. A common approach within the machine learning community for solving problems of the
type given by (1) is to employ stochastic gradient descent (SGD) [47]. A solution q∗ to (1) is approximated
iteratively by qk, k = 1, 2, . . ., via

qk+1 = qk − αk∇f(qk, ξk), (3)

where αk is the learning rate, ∇f(qk, ξk) is a stochastic approximation of ∇F (qk), and ξk is a random variable
that accounts for the stochasticity. A common choice is to take a random subset Bξk ⊂ {1, . . . , N} of the indices
of the objective function defined by (2) and choose

∇f(q, ξk) =
1

|Bξk |
∑

i∈Bξk

∇fi(q), (4)

where |Bξk | denotes the cardinality of Bξk . This is attractive when N is very large and |Bξ| ≪ N , as it is less
computationally expensive than gradient descent. The method also tends to escape local saddle points [16] – an
appealing property as many machine learning problems are non-convex. Among the variations of SGD is the
popular SGD with momentum. Its deterministic counterpart was popularized in the seminal work of Polyak [46].
A common form of this algorithm is expressed as an update in two stages

pk+1 = βkpk − αk∇f(qk, ξk),

qk+1 = qk + αkpk+1,
(5)

where p0 = 0 and βk > 0 is a momentum parameter. The usage of the momentum update makes the algorithm

less sensitive to noise. Indeed, by an iterative argument we obtain that pk+1 = −
∑k

i=0

(∏k
j=i+1 βj

)
αi∇f(qi, ξi).

That is, pk+1 is an average of the previous gradients, where βk determines how much we value information from
the preceding stages.

Notwithstanding the benefits of stochastic gradient algorithms, they frequently suffer from instability prob-
lems such as exploding gradients [9,42] and sensitivity to the choice of learning rate [41]. A way to mitigate these
issues is to employ gradient clipping [24,42] or gradient normalization. Gradient normalization was introduced
in [45] in the deterministic setting and a stochastic version appears already in [2]. A normalized version of the
algorithm determined by (3) is given by

qk+1 = qk − αk
∇f(qk, ξk)

∥∇f(qk, ξk)∥
.

In practice a small number ϵ > 0 is added in the denominator to ensure that the update does not become
infinitely large.

Gradient clipping was first introduced in [39]. In so-called hard clipping, the gradient is simply rescaled if
it is larger than some predetermined threshold. Soft clipping, on the other hand, makes use of a differentiable
function for rescaling the gradient [66]. It was recently shown that hard clipping algorithms suffer from an
unavoidable bias term [29]; a term in the convergence bound that does not decrease as the number of iterations
increases. This is one reason why soft clipping is preferable.

1.1. Gradient normalization, momentum and Hamiltonian systems

In this article, we study gradient normalization and soft clipping of stochastic momentum algorithms from
the perspective of Hamiltonian systems. As a first step, we note that if we take βk = 1−γαk with γ > 0, we can
view the scheme given by (5) as an approximate implicit-explicit Euler discretization of the equation system

ṗ = −∇F (q)− γp,

q̇ = p.
(6)
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The system (6) is nearly Hamiltonian [22]; taking

H(p, q) = F (q) + φ(p), (7)

with φ(p) = 1
2∥p∥

2, we can write it on the form

ṗ = −∇qH(p, q)−∇q̇R(q̇),

q̇ = ∇pH(p, q).
(8)

Here, ∇p,∇q denote the gradients with respect to p and q respectively andR(q̇) = γ ∥q̇∥2

2 is a Rayleigh dissipation
function that accounts for energy dissipation (viscous friction) of the system. Note that this choice of R yields
∇q̇R(q̇) = γ∇pH(p, q), which will always be the case in this paper. Thus, for a Hamiltonian of the form (7), (8)
reads

ṗ = −∇F (q)− γ∇φ(p),

q̇ = ∇φ(p).
(9)

We notice that any fixed point of this system is a stationary point of F , since (q̇, ṗ) = 0 implies that ∇F (q) = 0.
The dissipation term is often included as an extra term in the Euler-Lagrange equations

∇q̇L(q, q̇)−
d

dt
L(q, q̇) = ∇q̇R(q̇),

where L(q, q̇) = φ∗(q̇)−F (q) is the Lagrangian, and φ∗ is the convex conjugate of φ, compare Proposition 51.2
and Example 51.3 in [64]. The physical interpretation is that q is the position of a particle in a potential

field F (q) with kinetic energy given by φ∗(q̇) (in the case when φ(p) = ∥p∥2

2 we have φ∗(q̇) = ∥q̇∥2

2 ). In many
scenarios, such as in this case, it happens that the friction term is proportional to the velocity [23]. A ball rolling
on a rough incline [11,61]) or on a tilted plane coated with a viscous fluid [10] could for instance be modelled in
this fashion, giving weight to the analogy of the heavy ball [46]. See also [24], for a further discussion on this.

In this paper, we consider generalizations of the algorithm defined by (5) to equations of the type (8), where
φ is a convex, coercive and L-smooth function. The family of schemes we consider are given by

pk+1 = pk − αk∇f(qk, ξk)− αkγ∇φ(pk),

qk+1 = qk + αk∇φ(pk+1),
(10)

where p0 = 0, q0 is arbitrary, and {ξk}k≥0 is a sequence of independent, identically distributed random variables.

We show that these schemes converge almost surely to the set of stationary points of F . If we take φ(x) = ∥x∥2

2

in (10), we get SGD with momentum (5). Taking φ(x) =
√

∥x∥2 + ϵ, ϵ > 0, gives us a gradient normalization
scheme, where both the gradient and the momentum variables are rescaled:

pk+1 = pk − αk∇f(qk, ξk)− αkγ
pk√

∥pk∥2 + ϵ
,

qk+1 = qk + αk
pk+1√

∥pk+1∥2 + ϵ
.

(11)

Other conceivable choices are

i) Relativistic kinetic energy: φ(x) = c
√
∥x∥2 + (mc)2. [19]

ii) Non-relativistic kinetic energy: φ(x) = 1
2 ⟨x,Ax⟩ + ⟨b, x⟩ + c, where A is a positive definite, symmetric

matrix, b ∈ Rd and c ∈ R. [23]
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iii) Gradient rescaling: φ(x) = c
√

∥x∥2 + ϵ, for c, ϵ > 0.

iv) Soft clipping: φ(x) =
√
1 + ∥x∥2.

v) The symmetric LogSumExp-function: φ(x) = ln
(∑d

i=1 e
xi + e−xi

)
, which can be seen as an approxi-

mation of the ℓ∞-norm [52].
vi) Half-squared ℓp-norm: φ(x) = 1

2∥x∥
2
p, for p ∈ [2,∞).

Examples i), iii) and iv) are analytically similar, but give rise to different behaviours in the algorithm given
by (10). We refer the reader to [6,44], for verifying that the functions above satisfy the assumptions in Section 3.2.

1.2. Contributions

Making use of Hamiltonian dynamics, we consider a large class of stochastic optimization algorithms (10) for
large-scale optimization problems, for which we perform a rigorous convergence analysis. Our assumptions on
the dissipation term φ are fairly permissive, and thus the class of algorithms covers both interesting cases like
normalized SGD with momentum and various soft-clipping methods with momentum, as well as novel methods.
Our analysis shows that the iterates generated by any method in this class are finite almost surely, and that
they converge almost surely to the set of stationary points of the objective function F . This means that the
methods “always” work in practice, in contrast to what can be guaranteed by analyses that show convergence in
expectation. These results are valid in many applications, due to fairly weak assumptions on the optimization
problem. The exact assumptions are listed in Section 3 but essentially consist of either

• L-smooth objective functions and stochastic gradients with possibly infinite variance, or
• (L0, L1)-smooth objective functions and heavy-tailed stochastic gradients with bounded variance, or
• (L0, L1)-smooth objective functions arising in the empirical risk minimization setting and stochastic
gradients with possibly infinite variance but bounded expectation.

In particular, we do not assume convexity of the objective function F in any of the cases.

1.3. Outline

In Section 2, we briefly discuss some results that are related to the analysis in this paper. The main results
and analysis is presented in Section 3, with conclusions in Section 4. The details of the analysis can be found
in Appendix A. This depends on some auxiliary results listed in Appendices B and C.

2. Related works

In this section, we first consider other formulations of SGD with momentum and how the formulation in this
paper relates to them. In the second subsection we summarize work in optimization and statistics which make
use of Hamiltonian dynamics. Next, we discuss the approach we use for showing almost sure convergence of
the methods. Finally, we discuss the central (L0, L1)-smoothness condition on the objective function, which is
defined later in Assumption 4.

2.1. Momentum algorithms

The implementations of SGD with momentum in the libraries TensorFlow [1] and PyTorch [43] given by

pk+1 = βkpk − αk∇f(qk, ξk)

qk+1 = qk + pk+1
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are equivalent to (5) after the transformation αk → √
αk, βk → βk

√
αk+1

αk
. The method (5) also resembles the

(hard-clipped) scheme proposed in [38]:

pk+1 = clipr ((1− βk)pk − βk∇f(qk, ξk)) ,

qk+1 = qk + αkpk+1,

where clipr is a projection operator that projects the argument onto a ball of radius r at the origin. Further, (5)
is reminiscent of Stochastic Primal Averaging (SPA) [14]:

pk+1 = pk − ηk∇f(qk, ξk),

qk+1 = (1− ck+1)qk + ck+1pk+1.

In Theorem 1 in [14] it is shown that this is equivalent to the SGD with momentum version

pk+1 = βkpk +∇f(qk, ξk),

qk+1 = qk − αkpk+1,

if one takes ηk+1 = ηk−αk

βk+1
and ck+1 = αk

ηk
. The SPA algorithm can be seen as a randomized implicit-explicit

Euler discretization of the equation system

ṗ = −∇F (q),

q̇ = p− q,

which after a change of variable is equivalent to (6) for γ = 1. Under the rather strong assumption that the
noise is almost surely bounded (which does not hold for, e.g., Gaussian noise), so-called mixed-clipped SGD
with momentum was studied in [66]:

pk+1 = βpk − (1− β)∇f(qk, ξk),

qk+1 = qk −
[
νmin

(
η,

γ

∥pk+1∥

)
pk+1 + (1− ν)min

(
η,

γ

∥∇f(qk, ξk)∥

)
∇f(qk, ξk)

]
,

Here, 0 ≤ ν ≤ 1 is an interpolation parameter.
A drawback with the previously mentioned analyses is that the convergence results are obtained in expecta-

tion, which means that there is no guarantee that a single path will converge.

2.2. Hamiltonian dynamics

Hamiltonian dynamics, in its energy conserving form, has been well-explored in the Markov chain Monte
Carlo field, compare [33]. In [35], various kinetic energy functions φ are considered for equation (8) without the
dissipation term ∇q̇R(q̇).

The algorithm (10) was studied in the context of stochastic differential equations and Langevin dynamics
in [54], where the noise is assumed to be Gaussian. In general, however, this is a restrictive assumption in the
stochastic optimization setting.

The specific update (11) bears resemblance to deterministic time integration- and optimization schemes
studied in [19], that arise as discretizations of the system

ṗ = −∇qH(p, q)− γp,

q̇ = ∇pH(p, q),
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where the dissipation term γp emanates from Bateman’s Lagrangian L(q, q̇) = eγt(φ∗(q̇) − F (q)), see [5].
A similar point of view is also taken in [18], but where so-called Bregman dynamics is employed. In the
(deterministic) optimization setting this was studied in [37], where strictly convex kinetic energy functions φ
are considered. A stochastic gradient version is analysed in [27] for strongly convex objective functions F .

However, the stochastic optimization algorithm has not been studied for non-convex problems, and an analysis
for merely convex (and not strictly convex) kinetic energy functions is lacking.

2.3. Almost sure convergence

The analysis in this paper is based on the ODE method, emanating from [36]. The particular proof strategy
is due to [30], and is based on linear interpolation of the sequence of iterates. The technique was extended to
piecewise constant interpolations in [31]. The approach relies on the assumption that the iterates generated by
the algorithm are finite almost surely; an assumption that has to be verified independently.

A similar analysis of the SGD with momentum was performed in [21]. It was extended in [4], to a class of
schemes that encompasses (5). The analytical approach is slightly different and does not cover the normalization-
and clipping algorithms that we analyze in this article.

We also note that one can employ an analysis similar to that in e.g. [12], along with martingale results like
that in [48] to obtain almost sure convergence of a subsequence of the iterates. This is for instance the case
in [51] where almost sure convergence guarantees of the type min0≤k≤K∥∇F (qk)∥ → 0 almost surely for SGD
and SGD with momentum are established. These types of results are weaker than those obtained in this paper,
since they cannot guarantee that the whole sequence of iterates {qk}k≥0 converges to a stationary point.

2.4. (L0, L1)-smoothness

The (L0, L1)-smoothness assumption (defined later in Assumption 4) was introduced in [67] as a more ap-
propriate measure of smoothness than the classic L-smoothness for certain machine learning problems. It is
shown in [67] that the iteration complexity of clipped SGD is bounded, under the assumption that the sto-
chastic gradients are bounded almost surely. The latter is a very restrictive assumption that is not fulfilled
even by Gaussian noise. In [66] a clipped algorithm with momentum is shown to converge in expectation to a
stationary point under the same strong assumptions on the noise. Similar assumptions are also encountered in
e.g. [13,34]; the latter also considers the slightly more general case of sub-Gaussian noise. [29] analyses clipped
SGD under Assumption 4.ii), but do not obtain a convergence guarantee due to an unavoidable bias [29]. Re-
cently, [56] and [17] obtained convergence guarantees for versions of AdaGradNorm under the weaker affine
variance-assumption. These results are however only with a certain probability, and there is always some set
of positive measure on which the algorithm may not converge. The convergence guarantees that we obtain in
Theorem 3.5 under Assumption 4.i) and Assumption 3.ii) is stronger in the sense that it converges for almost
every path. We also stress the fact that Assumption 3.ii) is relatively weak since it covers all heavy-tailed
distributions with finite variance [49]. This includes for instance the large class of sub-Weibull distributions,
which generalizes sub-Gaussian and sub-exponential distributions [55].

3. Analysis

We first give a brief overview of the analysis in Section 3.1. In Section 3.2 we describe the setting and in
Section 3.3 we give a more detailed outline of the theorems and the proofs. The full proofs of the results are
given in Appendix A.

3.1. Brief overview

The analysis is split into two parts.
In the first, we show that the iterates of the scheme defined by (10) are finite almost surely, if the objective

function F and the convex kinetic energy function φ are L-smooth and coercive, or if F is (L0, L1)-smooth and
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the variance is finite. This is done by constructing a Lyapunov function with the help of the Hamiltonian H,
and then appealing to the classical Robbins–Siegmund theorem [48].

In the second, we show that given that the iterates defined by (10) are bounded, they converge almost surely
to a stationary point of F . We make use of a modification of the ODE method, compare [31], in conjunction
with techniques from [7]. Since the scheme is implicit-explicit, we cannot directly apply e.g. Theorem 2.1 in [31].
Essentially, the idea is to

i) Introduce a pseudo-time tk =
∑k−1

i=0 αi and construct piecewise constant interpolations P0(t) and Q0(t)
of {pk}k≥0 and {qk}k≥0 from (10).

ii) Show that the time-shifted processes Pk(t) = P0(tk + t) and Qk(t) = Q0(tk + t) are equicontinuous in
the extended sense [31] and that (P0, Q0) is an asymptotic pseudotrajectory [7] for (9). This essentially
means that (Pk, Qk) asymptotically satisfies (9).

iii) Use the previous point to show that the set of limit points of {(pk, qk)}k≥0 is internally chain transitive [8]
for the flow generated by (9).

iv) At last, make use of the underlying Hamiltonian dynamics of (9) to conclude that all limit points of
{(pk, qk)}k≥0 are equilibria of the flow generated by (9). Thus {qk}k≥0 converges to a stationary point
of F .

All the conclusions in the above four points should be interpreted as holding almost surely.

3.2. Setting

Let (Ω,F ,P) be a probability space, and {ξk}k≥0 be a sequence of independent, identically distributed random
variables. We denote a generic outcome in the underlying sample space Ω by ω. We further let Fk denote the
σ-algebra generated by ξ0, . . . , ξk−1. By Eξk [X] we denote the conditional expectation of a random variable X
with respect to Fk. For a set A ⊂ Rd, we let Nδ(A) = {x : infa∈A ∥x− a∥ < δ}. Here, ∥·∥ denotes the standard
Euclidean norm on Rd. In the rest of the paper, we will also use it to denote the Euclidean norm on R2d, since
it should be clear from the context whether the argument is in Rd or R2d.

Throughout, we denote by ϕ the semiflow generated by (9). The set of limit points of ϕ is denoted by

Lim(ϕ) = {z : ∃x ∈ R2d and {tk}k≥0 with lim
k→∞

tk = ∞ for which ϕ(tk, x) → z},

Likewise, the set of limit points of a function Z will be denoted by

Lim(Z) = {z : ∃{tk}k≥0 with lim
k→∞

tk = ∞ for which Z(tk) → z},

and we use the same notation for the limit points of a sequence {zk}k≥0, i.e.

Lim({zk}k≥0) = {z : for any ϵ > 0,∃{nk}k≥0 such that ∥znk
− z∥ ≤ ϵ}.

Finally, the set of equilibria of (9) is denoted by

EH = {(p, q) : ∇H(p, q) = 0}.

3.2.1. Basic assumptions

We make the following basic assumptions on F , f and φ:

Assumption 1. The objective function F : Rd → R is differentiable and satisfies:

i) (Coercivity) lim∥x∥→∞ F (x) = ∞.
ii) (Empty interior) Let Λ = {q : ∇F (q) = 0}. The set F (Λ) has empty interior.

Further, the stochastic gradient ∇f is an unbiased estimator of ∇F , i.e.

iii) E [∇f(x, ξ)] = ∇F (x).
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The infimum of F , whose existence is implied by the continuity of F and i), is denoted by F∗. It satisfies
F (x) ≥ F∗ > −∞ for all x ∈ Rd.

Remark 3.1. Assumption 1.ii) is needed in the proof of Proposition A.11 (Proposition 6.4 in [8]). The proof
of the proposition makes use of the fact that any point in the image of the critical set can be approximated
by points outside of the set (see the proof of Proposition 6.4 in [8]). Assumption 1.ii) is for instance satisfied
for any F ∈ C∞ by Sard’s theorem, compare [50]. An example of a function that violates Assumption 1.ii)
was given by Whitney in [58], where a C1-function that is non-constant on a connected set of critical points is
constructed.

Assumption 2. The kinetic energy function φ : Rd → R is differentiable and satisfies:

i) (Lipschitz continuous ∇φ) There is a constant λ > 0 such that ∥∇φ(y) − ∇φ(x)∥ ≤ λ∥x − y∥, for all
x, y ∈ Rd.

ii) (Convexity) For all x, y ∈ Rd, it holds that φ(y)− φ(x) ≤ ⟨∇φ(y), y − x⟩.
iii) (Coercivity) lim∥x∥→∞ φ(x) = ∞.

The infimum of φ, whose existence is implied by the continuity of φ and iii), is denoted by φ∗. It satisfies
φ(x) ≥ φ∗ > −∞ for all x ∈ Rd.

Remark 3.2. Assumption 1.i) and 2.iii) together implies that the Hamiltonian H(p, q) = F (q)+φ(p) is coercive
as a function of q and p.

In addition to these basic assumptions, we consider three different settings.

3.2.2. Setting 1

In the first setting, ∇F is Lipschitz continuous but the stochastic gradients can have large variance.

Assumption 3. The objective function F and the stochastic gradient ∇f further satisfy:

i) (Lipschitz-continuous ∇F ) There is a constant L > 0 such that ∥∇F (y)−∇F (x)∥ ≤ L∥x− y∥, for all
x, y ∈ Rd.

ii) (Locally bounded variance) V [∇f(x, ξ)] ≤ κ (F (x)− F∗) + τ∥∇F (x)∥2 + σ2, where κ, σ, τ ≥ 0.

Here V [∇f(x, ξ)] = E
[
∥∇f(x, ξ)∥2

]
− ∥∇F (x)∥2 = E

[
∥∇f(x, ξ)−∇F (x)∥2

]
.

Assumption 3.i) implies that the inequality F (y)− F (x) ≤ ⟨∇F (x), y − x⟩+ L
2 ∥x− y∥2 holds for all x, y ∈ Rd,

compare Lemma 1.2.3 in [40]. Assumption 3.ii) was first introduced in [28] where it was called “expected
smoothness”. It is weak in the sense that it allows for infinite variance in the case that either the gradient or
the objective function becomes infinitely large, see [28, Section 4.5] for several settings in which it is satisfied.
The condition is similar to e.g. the “affine noise variance” in [57] and the “affine variance” in [17].

3.2.3. Setting 2

Alternatively, we consider the following setting, where we require less regularity of F but instead restrict the
variance of the stochastic gradient.

Assumption 4. The objective function F and the stochastic gradient ∇f further satisfy:

i) ((L0, L1)-smoothness) There exists L0, L1 such that for all x, y ∈ Rd, if ∥x− y∥ ≤ 1
L1

, then

∥∇F (x)−∇F (y)∥ ≤ (L0 + L1∥∇F (y)∥) ∥x− y∥.

ii) (Bounded variance) V [∇f(x, ξ)] ≤ σ2,
iii) (Bounded ∇φ) There exists ∆ > 0 such that ∥∇φ(x)∥ ≤ ∆ for all x ∈ R.

Remark 3.3. By Lyapunov’s inequality, E[X2] ≤ E[X]1/2 (cf. [53, p. 230]), it follows from Assumption 4.ii)
that

E [∥∇f(x, ξ)−∇F (x)∥] ≤ σ.
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Assumption 4.ii) is sometimes referred to as a heavy-tailed noise assumption in the literature [25, 29]. It
covers all zero-mean, heavy-tailed distributions with finite second moment, compare [49]. In particular, it also
includes the large class of sub-Weibull distributions [55], which generalizes random variables of sub-Gaussian
and sub-Exponential distribution.

3.2.4. Setting 3

Assumption 4.ii) may be restrictive in some cases, compare [26]. Therefore we also consider the empirical
risk minimization setting when the objective function is on the form (2), f(·, ξ) is (L0, L1)-smooth and ∇f(·, ξ)
is given by (4). In this setting, we can further lower the assumptions on the noise to merely finite expectation:

Assumption 5. The objective function satisfies 4.i) and ∇φ satisfies 4.iii). The objective function F and the
stochastic gradient ∇f further satisfy:

i) (Empirical risk minimization) The objective function and the stochastic gradient are of the form (2)
and (4), where for each i it holds that infq∈Rd fi(q) > −∞.

ii) (Bounded expectation) The stochastic gradients satisfy E [∥∇f(x, ξ)−∇F (x)∥] ≤ σ.
iii) ((L0, L1)-smooth) The stochastic functions f(·, ξ) are (L0, L1)-smooth.

Remark 3.4. We observe that SGD with momentum, corresponding to (5), requires φ(x) = ∥x∥2/2, which
does not satisfy Assumption 4.iii). It is thus only covered by the analysis in Setting 1. In Setting 2 and 3, we
have a weaker regularity assumption on F , and this requires us to instead pose stricter requirements on the
methods. Overall this indicates that for (L0, L1)-smooth cost functionals, clipping methods are a better option
than SGD.

3.2.5. Book-keeping assumptions

The following assumption on the step sizes αk is standard and originates from [47]. Informally, the step sizes
must go to zero in order to counter the stochasticity, but do so slowly enough that we have time to reach a
stationary point.

Assumption 6. The step size sequence {αk}k≥0 satisfies α0 = 0 and {αk}k≥0 ∈ ℓ2(R)\ℓ1(R).

Our analysis shows convergence to the set of stationary points of ∇F . Under the following additional
assumption, we get convergence to a unique stationary point:

Assumption 7. The stationary points of F are isolated.

3.3. Outline of analysis

The proofs of the results in this section can be found in Appendix A. The main theorem is as follows:

Theorem 3.5. Let Assumptions 1, 2 and 6 be satisfied, as well as either Assumption 3, 4 or 5. Then {qk}k≥0

converges almost surely to the set of stationary points of the objective function F . If we additionally assume
that Assumption 7 holds, the convergence is to a unique stationary point.

The following result is a direct consequence of Theorem 3.5:

Corollary 3.6 (Convergence in expectation). Let Assumptions 1, 2, 6 and 7 be valid. Further, let the Hamil-
tonian be on the form (7) and let the sequences {pk}k≥0 and {qk}k≥0 be generated by (10). Then it holds
that

lim
k→∞

E
[
∥∇F (qk)∥θ

]
= 0,

where 0 < θ < 2 under Assumption 3 and 0 < θ < 1 under Assumption 4 or 5.

Our proof strategy consists of two parts. In the first part we show that the sequences {pk}k≥0 and {qk}k≥0

are finite almost surely:
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Theorem 3.7 (Finiteness of {pk}k≥0 and {qk}k≥0). Let Assumptions 1, 2 and 6 be valid, as well as either
Assumption 3, 4 or 5. Further, let the Hamiltonian be on the form (7) and let the sequences {pk}k≥0 and
{qk}k≥0 be generated by (10). Then {pk}k≥0 and {qk}k≥0 are finite almost surely. Moreover, it holds that
supk≥0 E [F (qk)] < ∞.

In the second part of the analysis, we closely follow the ODE method approach as outlined in [31]: We

start by introducing a pseudo-time tk =
∑k−1

i=0 αi, and define two piecewise constant, (stochastic) interpolation
processes by

P0(t) = p0I(−∞,t0](t) +

∞∑
k=0

pkI[tk,tk+1)(t),

Q0(t) = q0I(−∞,t0](t) +

∞∑
k=0

pkI[tk,tk+1)(t).

(12)

We next consider the shifted sequence of processes {Pk}k≥0 and {Qk}k≥0, defined by

Pk(t) = P0(tk + t),

Qk(t) = Q0(tk + t).
(13)

We note that {Pk}k≥0 and {Qk}k≥0 are stochastic processes; they depend on ω ∈ Ω through the stochasticity
of the sequences {pk}k≥0 and {qk}k≥0. For brevity we will refrain from writing out the dependence on ω.

The next step is to introduce the concept of extended equicontinuity [20, 31]:

Definition 3.8 (Extended equicontinuity). A sequence of Rd-valued functions {fk}k≥0, defined on (−∞,∞),
is said to be equicontinuous in the extended sense if {∥fk(0)∥}k≥0 is bounded and for every T > 0 and ϵ > 0
there is a δ > 0 such that

lim sup
k→∞

sup
0<|t−s|≤δ, t,s∈[0,T ]

∥fk(t)− fk(s)∥ ≤ ϵ. (14)

Following [20], we show that the process {Zk}k≥0 = {(Pk, Qk)}k≥0 is equicontinuous in the extended sense:

Lemma 3.9 (Equicontinuous in the extended sense). Consider {Zk}k≥0 = {(Pk, Qk)}k≥0 where the sequences
{Pk}k≥0 and {Qk}k≥0 are defined by (13) (equivalently, by (30)). Suppose that {pk}k≥0 and {qk}k≥0 are defined
by (10), and that the Hamiltonian is on the form (7). Further, let Assumptions 1, 2 and 6 be valid, as well as
either Assumption 3, 4 or 5. Then {Zk}k≥0 is equicontinuous in the extended sense, almost surely.

This property is used to show that Z0 is an asymptotic pseudotrajectory [8] to (9) in the following sense:

Lemma 3.10 (Asymptotic pseudotrajectory). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then the function Z0 = (P0, Q0) where P0 and Q0 are defined by (12) is almost surely an
asymptotic pseudotrajectory to the semiflow ϕ generated by equation (9). That is,

lim
s→∞

sup
t∈[0,T ]

∥Z0(s+ t)− ϕ(t, Z0(s))∥ = 0,

for all T > 0.

The main consequence of this is that the set Lim({(pk, qk)}k≥0) is internally chain transitive. The following
proposition is essentially a paraphrasing of [7, Corollary 4.3] combined with [8, Proposition 5.3]:

Lemma 3.11 (Internally chain transitive). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then given that {zk}k≥0 = {(pk, qk)}k≥0 is determined by (10), the set Lim({zk}k≥0) is a
compact, and internally chain transitive set for the semiflow ϕ generated by (9).
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The final step uses the Hamiltonian dynamics. We have

Lemma 3.12 (Lyapunov function). Let Assumptions 1 and 2 be valid, and let V : R2d → R be defined by

V (z) = H(p, q)− F∗ − φ∗, (15)

where z = (p, q). Then V is a Lyapunov function for EH ⊂ R2d with respect to ϕ.

It follows from Lemma 3.12 that V is also a Lyapunov function for Λ = Lim({zk}k≥0) ∩EH with respect to
the restricted flow Ψ = ϕ|Lim({zk}k≥0), and it can be shown that Λ ̸= ∅. Making use of Assumption 1.ii), we

can appeal to [8, Proposition 6.4] (see Remark 3.1) to conclude that any internally chain transitive set for ϕ is
a subset of Λ. Since Lim({zk}k≥0) is such a set by Lemma 3.11, we get Lim({zk}k≥0) ⊂ EH . This proves the
main assertion of the paper.

4. Conclusions

In this paper, we have shown that the stochastic Hamiltonian descent algorithm (10), arising as a stochastic
implicit-explicit Euler discretization of (9), under weak assumptions converges almost surely to the set of sta-
tionary points of the objective function F . In the terminology of [47], this means that the estimator determined
by {qk} is a strongly consistent estimator of a stationary point of F . (Here, the designated asymptoticity is
with respect to the number of iterations instead of the sample size.) Similarly, the result in Corollary 3.6 is
akin to {qk}k≥0 being an asymptotically unbiased estimator of a stationary point q∗.

5. Acknowledgements
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shorter and much improved manuscript.

Appendix A. Analysis

As explained in Section 3.3, the two main steps of the convergence analysis are to first prove that pk and qk
are finite almost surely, and then to use this a priori result to show that they in fact converge.

A.1. The sequences {pk}k≥0 and {qk}k≥0 are finite almost surely

We first prove Theorem 3.7:

Theorem 3.7 (Finiteness of {pk}k≥0 and {qk}k≥0). Let Assumptions 1, 2 and 6 be valid, as well as either
Assumption 3, 4 or 5. Further, let the Hamiltonian be on the form (7) and let the sequences {pk}k≥0 and
{qk}k≥0 be generated by (10). Then {pk}k≥0 and {qk}k≥0 are finite almost surely. Moreover, it holds that
supk≥0 E [F (qk)] < ∞.

The proof relies on the Robbins-Siegmund theorem:

Theorem A.1 ( [48]). Let (Ω,F ,P) be a probability space and F1 ⊂ F2 ⊂ . . . be a sequence of sub-σ-algebras
of F . For each k = 1, 2, . . . let Vk, βk, Xk and Yk be non-negative Fk-measurable random variables such that

E [Vk+1|Fk] ≤ Vk(1 + βk) +Xk − Yk.

Then on the set {ω :
∑

k βk < ∞,
∑

k Xk < ∞} , the limit

lim
k→∞

Vk = V

exists and is finite and
∑

k Yk < ∞.
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We first consider Setting 1, i.e. with Assumption 3. The strategy is to introduce Vk = H(pk, qk)−F∗ −φ∗ =
F (qk)−F∗ +φ(pk)−φ∗, then use L-smoothness of F and the convexity of φ to bound the difference Vk+1 −Vk

by α2
kVk plus higher-order terms of αk. Then we can appeal to Theorem A.1 to conclude that {pk}k≥1 and

{qk}k≥1 are finite a.s.

Proof of Theorem 3.7 in Setting 1. Let Vk = H(pk, qk)− F∗ − φ∗. Then we have that

Vk+1 − Vk = F (qk+1)− F (qk) + φ(pk+1)− φ(pk). (16)

By L-smoothness of F and convexity of φ, this is less than or equal to

⟨∇F (qk), qk+1 − qk⟩+
L

2
∥qk+1 − qk∥2 + ⟨∇φ(pk+1), pk+1 − pk⟩.

We insert (10) into the previous expression to obtain that it is equal to

I1 + I2 + I3 := αk⟨∇F (qk)−∇f(qk, ξk),∇φ(pk+1)⟩+
Lα2

k

2
∥∇φ(pk+1)∥2 − αkγ⟨∇φ(pk+1),∇φ(pk)⟩,

where

I1 = αk⟨∇F (qk)−∇f(qk, ξk),∇φ(pk)⟩+ αk⟨∇F (qk)−∇f(qk, ξk),∇φ(pk+1)−∇φ(pk)⟩.
When we take the conditional expectation (with respect to the sigma algebra generated by ξ1, . . . , ξk−1) of I1,
the first term is 0 by the unbiasedness of the gradient and the independence of {ξk}:

Eξk [I1] = αkEξk [⟨∇F (qk)−∇f(qk, ξk),∇φ(pk+1)−∇φ(pk)⟩] .

Using Assumption 2.i), we can bound I3 as

I3 = −αkγ⟨∇φ(pk+1),∇φ(pk)⟩ ≤
αkγ

2
∥∇φ(pk+1)−∇φ(pk)∥2 ≤ αkγλ

2

2
∥pk+1 − pk∥2.

After taking the expectation of (16), we thus get the bound

Eξk [Vk+1]− Vk ≤ αkEξk [⟨∇F (qk)−∇f(qk, ξk),∇φ(pk+1)−∇φ(pk)⟩]

+
Lα2

k

2
Eξk

[
∥∇φ(pk+1)∥2

]
+

αkγλ
2

2
Eξk

[
∥pk+1 − pk∥2

]
=: I ′1 + I ′2 + I ′3.

(17)

We now make use of Cauchy–Schwarz inequality along with the Lipschitz continuity of ∇φ to bound I ′1 as

I ′1 ≤ αkλEξk [∥∇F (qk)−∇f(qk, ξk)∥∥pk+1 − pk∥] .

We insert (10) into the previous expression, and make use of Young’s inequality for products, ab ≤ a2

2 + b2

2 , to
obtain that

I ′1 ≤ α2
kλEξk [∥∇F (qk)−∇f(qk, ξk)∥∥∇f(qk, ξk) + γ∇φ(pk)∥]

≤ α2
k

2
λEξk

[
∥∇F (qk)−∇f(qk, ξk)∥2

]
+

α2
k

2
λEξk

[
∥∇f(qk, ξk) + γ∇φ(pk)∥2

]
.

Making use of the inequality

∥x− y∥2 ≤ 2∥x∥2 + 2∥y∥2, (18)
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we can further bound I ′1 by

I ′1 ≤ α2
k

2
λEξk

[
∥∇F (qk)−∇f(qk, ξk)∥2

]
+ α2

kλEξk

[
∥∇f(qk, ξk)∥2

]
+ α2

kλγ
2Eξk

[
∥∇φ(pk)∥2

]
.

At last we make use of Assumption 3.ii) to get that

I ′1 ≤ α2
k

2
λ
(
κ(F (qk)− F∗) + τ∥∇F (qk)∥2 + σ2

)
+ α2

kλ
(
κ(F (qk)− F∗) + (1 + τ)∥∇F (qk)∥2 + σ2

)
+ α2

kλγ
2Eξk

[
∥∇φ(pk)∥2

]
.

We now turn our attention to the term I ′2 in (17). Adding and subtracting ∇φ(pk) and making use of Assump-
tion 2.i) we get that

I ′2 ≤ Lα2
kEξk

[
∥∇φ(pk+1)−∇φ(pk)∥2

]
+ Lα2

kEξk

[
∥∇φ(pk)∥2

]
≤ Lα2

kλ
2Eξk

[
∥pk+1 − pk∥2

]
+ Lα2

k∥∇φ(pk)∥2

≤ 2Lα4
kλ

2Eξk

[
∥∇f(qk, ξk)∥2

]
+
(
2Lα4

kγ
2λ2 + Lα2

k

)
∥∇φ(pk)∥2,

where we have used (10) and (18) in the last step. Making use of Assumption 3.ii) again we obtain that

I ′2 ≤ 2Lα4
kλ

2
(
κ(F (qk)− F∗) + (1 + τ)∥∇F (qk)∥2 + σ2

)
+
(
2Lα4

kγ
2λ2 + Lα2

k

)
∥∇φ(pk)∥2.

In a similar way, we find that

I ′3 ≤ α3
kγλ

2
(
κ(F (qk)− F∗) + (1 + τ)∥∇F (qk)∥2 + σ2

)
+ α3

kγ
3λ2∥∇φ(pk)∥2.

Gathering up the terms, we get that

Eξk [Vk+1]− Vk ≤
(
α2
kλ

2
+ α2

kλ+ 2Lα4
kλ

2 + α3
kγλ

2

)
σ2

+ α2
kκλ

(
3

2
+ 2Lα2

kλ+ αkγλ

)
(F (qk)− F∗)

+

(
α2
kλτ

2
+ α2

kλ(1 + τ) + 2Lα4
kλ

2(1 + τ) + α3
kγλ

2(1 + τ)

)
∥∇F (qk)∥2

+
(
α2
kγ

2λ+ 2Lα4
kλ

2γ2 + Lα2
k + α3

kγ
3λ2
)
∥∇φ(pk)∥2.

Making use of Lemma B.1, we see that

Eξk [Vk+1]− Vk ≤
(
α2
kλ

2
+ α2

kλ+ 2Lα4
kλ

2 + α3
kγλ

2

)
σ2

+ (F (qk)− F∗)

[
α2
kκλ

(
3

2
+ 2Lα2

kλ+ αkγλ

)

+ 2L

(
α2
kλτ

2
+ α2

kλ(1 + τ) + 2Lα4
kλ

2(1 + τ) + α3
kγλ

2(1 + τ)

)]

+

(
α2
kγ

2λ+ 2Lα4
kλ

2γ2 + Lα2
k + α3

kγ
3λ2

)
(φ(pk)− φ∗).
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Now define

C1(αk) = σ2

(
α2
kλ

2
+ α2

kλ+ 2Lα4
kλ

2 + α3
kγλ

2

)
and let C2(αk) be the maximum of the terms multiplying F (qk)− F∗ and φ(pk)− φ∗. It follows that

Eξk [Vk+1]− Vk ≤ C1(αk) + C2(αk)Vk. (19)

Since C1 and C2 only contain second-order terms of αk (and by assumption
∑∞

k=1 α
2
k < ∞), we have that

∞∑
k=0

C1(αk) < ∞,

∞∑
k=0

C2(αk) < ∞.

We can thus make use of the Robbins–Siegmund theorem A.1 with βk = C2(αk), Xk = C1(αk) and Yk = 0 to
conclude that Vk tends to a non-negative, finite, random variable V almost surely. Since F and φ are assumed
to be coercive, this implies that {pk}k≥1 and {qk}k≥1 are finite almost surely. For the second claim of the proof,
we define

Sk =
Vk∏k−1

j=0 (1 + C2(αj))
.

By (19), we have that

Eξk [Sk+1] ≤ Sk +
C1(αk)∏k

j=0(1 + C2(αj))
≤ Sk + C1(αk).

Taking the expectation and, summing from 0 to K − 1, we see that

E [SK ] ≤ S0 +

K−1∑
k=0

C1(αk).

We multiply both sides of the previous inequality with
∏K−1

k=0 (1 + C2(αk))

E [VK ] ≤
K−1∏
k=0

(1 + C2(αk))

(
S0 +

K−1∑
k=0

C1(αk)

)

≤ e
∑K−1

j=0 C2(αk)) ·

(
S0 +

K−1∑
k=0

C1(αk)

)
,

where we have used the fact that 1+x ≤ ex in the second step. Letting K tend to infinity on the left hand side
and using the fact that

∑∞
k=0 C2(αk)) < ∞ we see that the last claim of the theorem also holds:

sup
k

E [Vk] < ∞.

□

We now give a proof of Theorem 3.7 in Setting 2, i.e. with Assumption 4.

Proof of Theorem 3.7 in Setting 2. By Assumption 4.i) it holds for ∥xk − xk+1∥ ≤ 1
L1

that

F (xk+1)− F (xk) ≤ ⟨∇F (xk), xk+1 − xk⟩+
L0 + L1∥∇F (xk)∥

2
∥xk+1 − xk∥2. (20)

Since
qk+1 − qk = αk∇φ(pk+1) (21)
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we get for large enough k that

∥qk+1 − qk∥ = αk∥∇φ(pk+1)∥ ≤ αk∆ ≤ 1

L1
, (22)

by Assumption 4.iii). If we insert (21) into (20), we get

F (qk+1)− F (qk) ≤ ⟨∇F (qk), qk+1 − qk⟩+
L0

2
∥qk+1 − qk∥2 +

L1

2
∥∇F (qk)∥∥qk+1 − qk∥2.

By (22), we get that

F (qk+1)− F (qk) ≤ αk⟨∇F (qk),∇φ(pk+1)⟩+
L0

2
α2
k∆

2 +
L1

2
α2
k∆

2∥∇F (qk)∥.

By Assumption 2.ii) we have that

φ(pk+1)− φ(pk) ≤ ⟨∇φ(pk+1), pk+1 − pk⟩
= −αk⟨∇φ(pk+1),∇f(qk, ξk)⟩ − αkγ⟨∇φ(pk+1),∇φ(pk)⟩

With H(p, q) = F (q) + φ(p) and Vk = H(pk, qk)− F∗ − φ∗ as in the previous proof we thus get that

Vk+1 − Vk ≤ αk⟨∇F (qk),∇φ(pk+1)⟩+
L0

2
α2
k∆

2 +
α2
kL1∆

2

2
∥∇F (qk)∥

− αk⟨∇φ(pk+1),∇f(qk, ξk)⟩ − αkγ⟨∇φ(pk+1),∇φ(pk)⟩,

which can be rewritten as

Vk+1 − Vk ≤ αk⟨∇F (qk)−∇f(qk, ξk),∇φ(pk+1)⟩+
L0

2
α2
k∆

2 +
α2
kL1∆

2

2
∥∇F (qk)∥

− αkγ⟨∇φ(pk+1),∇φ(pk)⟩.

We add and subtract ∇φ(pk) in the first scalar product:

Vk+1 − Vk ≤ αk⟨∇F (qk)−∇f(qk, ξk),∇φ(pk+1)−∇φ(pk)⟩
+ αk⟨∇F (qk)−∇f(qk, ξk),∇φ(pk)⟩

+
L0

2
α2
k∆

2 +
α2
kL1∆

2

2
∥∇F (qk)∥ − αkγ⟨∇φ(pk+1),∇φ(pk)⟩

=: I1 + I2 + I3.

(23)

Due to the unbiasedness of ∇f(qk, ξk) and the fact that ξk is independent of qk and pk, we find that Eξk [I2] = 0.
We now focus on I1. Taking the conditional expectation and using Cauchy–Schwarz inequality and the Lipschitz
continuity of ∇φ, we see that

Eξk [I1] ≤ α2
kλEξk

[
∥∇F (qk)−∇f(qk, ξk)∥ (∥∇f(qk, ξk)∥+ γ∥∇φ(pk)∥)

]
. (24)
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We then add and subtract ∇F (qk) inside the ∥∇f(qk, ξk)∥-term and use the triangle inequality as well as the
assumption that ∥∇φ(pk)∥ ≤ ∆:

Eξk [I1] ≤ α2
kλEξk [∥∇F (qk)−∇f(qk, ξk)∥ (∥∇F (qk)−∇f(qk, ξk)∥+ ∥∇F (qk)∥+ γ∆)]

= α2
kλEξk

[
∥∇F (qk)−∇f(qk, ξk)∥2 + ∥∇F (qk)−∇f(qk, ξk)∥∥∇F (qk)∥ + γ∆∥∇F (qk)−∇f(qk, ξk)∥]

= α2
kλ
(
Eξk

[
∥∇F (qk)−∇f(qk, ξk)∥2

]
+ Eξk [∥∇F (qk)−∇f(qk, ξk)∥]

(
∥∇F (qk)∥+ γ∆

))
=: α2

kλ(I
′
1 + I ′2).

The second-to-last equality holds because ξk and ∥∇F (qk)∥ are independent. By Assumption 4.ii), I ′1 ≤ σ2.
Further, by Lemma B.1,

∥∇F (qk)∥ ≤ 2L1(F (qk)− F∗) +
L0

L1
,

so that by Remark 3.3, we have

I ′2 ≤ 2σL1(F (qk)− F∗) +
σL0

L1
+ σγ∆

and thus

Eξk [I1] ≤ 2α2
kλσL1(F (qk)− F∗) + α2

kλσ
2 +

α2
kλσL0

L1
+ α2

kλσγ∆. (25)

We can bound the inner product in I3 by noting that for any u, v it holds that

−⟨u, v⟩ = −⟨v, v⟩+ ⟨v − u, v⟩ ≤ ∥v∥2 + ∥v − u∥∥v∥.

Thus,

−αkγ⟨∇φ(pk+1),∇φ(pk)⟩ ≤ −αkγ∥∇φ(pk)∥2 + αkγ∥∇φ(pk+1)−∇φ(pk)∥∥∇φ(pk)∥
≤ α2

kγλ∥∇f(qk, ξk)− γ∇φ(pk)∥∆.

By Remark 3.3, adding and subtracting ∇F (qk), and applying Lemma B.1 we therefore get

Eξk [I3] ≤
L0

2
α2
k∆

2 +
α2
kL1∆

2

2
∥∇F (qk)∥+ α2

kγλ∆(Eξk [∥∇f(qk, ξk)∥] + γ∥∇φ(pk)∥)

≤ L0

2
α2
k∆

2 +
(α2

kL1∆
2

2
+ α2

kγλ∆
)
∥∇F (qk)∥+ α2

kγλ∆
(
Eξk [∥∇f(qk, ξk)−∇F (qk)∥] + γ∆

)
≤ L0

2
α2
k∆

2 + α2
kγλ∆(σ + γ∆) + α2

k∆
(L1∆

2
+ γλ

)
∥∇F (qk)∥

≤ L0

2
α2
k∆

2 + α2
kγλ∆(σ + γ∆) + α2

k∆
2L0

2
+ α2

k∆γλ
L0

L1
+ α2

k∆L1(L1∆+ 2γλ)(F (qk)− F∗)

(26)

By gathering up the terms in the bounds of Eξk [I1] and Eξk [I3] from (25) and (26) we see that

Eξk [Vk+1]− Vk ≤ C1(αk) + C2(αk)(F (qk)− F∗)

where

C1(αk) = α2
kλσ

2 +
α2
kλσL0

L1
+ α2

kλσγ∆+ L0α
2
k∆

2 + α2
kγλ∆σ + α2

kγ
2λ∆2 + α2

k∆γλ
L0

L1
,

C2(αk) = 2α2
kλσL1 + α2

k∆
2L2

1 + 2α2
kγλ∆L1.
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Since φ(pk)− φ∗ ≥ 0 it follows that F (qk)− F∗ ≤ H(pk, qk)− F∗ − φ∗, so in conclusion we have

Eξk [Vk+1]− Vk ≤ C1(αk) + C2(αk)Vk, (27)

Since
∑

k≥0 Ci(αk) < ∞ for i = 1, 2, we can appeal to the Robbins–Siegmund theorem A.1 to conclude that

limk→∞ Vk exists and is finite almost surely. Since F and φ are coercive this implies that supk∥pk∥ < ∞ and
supk∥qk∥ < ∞ almost surely.

□

Remark A.2. We note that the main reason for the stronger Assumption 4.ii) in Setting 2 compared to
Assumption 3.ii) is to be able to bound the terms

Eξk [∥∇F (qk)−∇f(qk, ξk)∥] ∥∇F (qk)∥ and Eξk

[
∥∇F (qk)−∇f(qk, ξk)∥2

]
which arise from the first scalar product of (23). In order to apply the Robbins-Siegmund theorem, these need
to be bounded in terms of F (qk) − F∗. As shown above, this is possible under Assumption 4.ii). But under
Assumption 3.ii), these both lead to ∥∇F (qk)∥2-terms. By Lemma B.1, we can therefore only guarantee a bound
in terms of (F (qk)− F∗)

2 in this setting. Unfortunately, Lemma B.1 can not be improved to bound ∥∇F (x)∥2
in terms of F (q)−F∗ (cf. [66, Lemma A.5]), this requires a stronger Lipschitz assumption like Assumption 3.i).

Under the weaker assumption that V [∇f(x, ξ)] ≤ κ2 (F (x)− F∗) + τ2∥∇F (x)∥ + σ2, the second term
Eξk

[
∥∇F (qk)−∇f(qk, ξk)∥2

]
is bounded in terms of F (qk) − F∗ and thus no longer an issue. However, while

we can use the inequality
√
x ≤ x+1 to bound also Eξk [∥∇F (qk)−∇f(qk, ξk)∥] in terms of F (qk)−F∗, this is

not sufficient due to the multiplication by ∥∇F (qk)∥ which gives us another factor F (qk)−F∗. Similarly, setting
τ = 0 and thus removing the ∇F (x)-term altogether still leaves us with a bound involving (F (qk) − F∗)

3/2.
Removing the extra (F (qk)− F∗)

1/2 requires us to also set κ = 0, which is equivalent to Assumption 4.ii).

Proof of Theorem 3.7 in Setting 3. Let F∗ be as in Lemma B.2. By Lemma B.2, we have that the right-hand
side of (24) can be bounded by

α2
kλEξk [∥∇F (qk)−∇f(qk, ξk)∥] (2L1N(F (qk)− F∗) + γ∆) .

By Assumption 5.ii) this can in its turn be bounded by

α2
kλσ (2L1N(F (qk)− F∗) + γ∆) .

The rest of the proof proceeds exactly like that of Setting 2 (with suitable modifications of the constants in the
bound (27)). Similarly to the proof in Setting 1, we can also define

Sk =
Vk∏k−1

j=0 (1 + C2(αj))

and in a similar fashion obtain that supk E [F (qk)] < +∞. □

A.2. Integral form of (Pk, Qk), part 1

To prove convergence, we start by considering the integral form of (9), namely

p(t) = p(0)−
∫ t

0

∇F (q(s))ds− γ

∫ t

0

∇φ(p(s))ds,

q(t) = q(0) +

∫ t

0

∇φ(p(s))ds.

(28)
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Next, we rewrite the processes (13) on a form that is more reminiscent of this integral form. As in [31], we use
the convention that

k∑
i=n

ai = 0, if k = n− 1 (the empty sum),

k∑
i=n

ai = −
n−1∑

i=k+1

ai, if k < n− 1.

By introducing the function

m(t) =

{
j, tj ≤ t < tj+1,

0, t ≤ 0,
(29)

we can write (13) as

Pk(t) = pk +

m(tk+t)−1∑
i=k

(pi+1 − pi),

Qk(t) = qk +

m(tk+t)−1∑
i=k

(qi+1 − qi).

(30)

Using the fact that pk = Pk(0) and qk = Qk(0), along with the update (10), we can rewrite (30) as

Pk(t) = Pk(0)−
m(tk+t)−1∑

i=k

αi∇F (qi) +Mk(t)− γ

m(tk+t)−1∑
i=k

αi∇φ(pi),

Qk(t) = Qk(0) +

m(tk+t)−1∑
i=k

αi∇φ(pi+1),

(31)

where

Mk(t) =

m(tk+t)−1∑
i=k

αiδMi

and δMi = ∇f(qi, ξi) − ∇F (qi). In the next section, we show that the process {Mk}k≥0 converges uniformly
on compact sets, almost surely, to 0.

A.3. Convergence of the sequence {Mk}
The following lemma is an adaptation of part 1 of the proof of Theorem 2.1 from [31]:

Lemma A.3 (Convergence of {Mk(t)}k≥0). Suppose that Assumption 1, 2 and 6 holds, along with either
Assumption 3, 4 or 5. Then, the sequence {Mk(t)}k≥0 converges uniformly on compact sets almost surely to 0.
More precisely, for any T it holds that

lim
k→∞

sup
t∈[0,T ]

∥Mk(t)∥ = 0, (32)

almost surely.

Proof. Closely following the proof of Theorem 2.1 in [31]: We let Fj = σ(ξ1, . . . , ξj). By definition, we have
that

Mk(t) =

m(tk+t)−1∑
i=k

αiδMi,
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where δMi = ∇f(qi, ξi)−∇F (qi). Define

M̃j =

j−1∑
i=0

αiδMi,

so that

Mk(t) = M̃m(tk+t) − M̃k.

We will show that M̃j is a martingale sequence. We first note that

E
[
M̃j+1|Fj

]
= M̃j ,

by Assumption 1.iii) and the fact that the noise is independent. Next, we demonstrate that

E
[
∥M̃j∥

]
< ∞, (33)

Note that

E
[
∥M̃l∥2

]
= E

[∥∥∥∥ l−1∑
i=0

αiδMi

∥∥∥∥2
]
= E

 l−1∑
i=0

α2
i ∥δMi∥2 + 2

l−1∑
i=0

i−1∑
j=0

αiαj⟨δMi, δMj⟩


= E

[
l−1∑
i=0

α2
i ∥δMi∥2

]
,

where we have used the fact that for j < i

E [⟨δMi, δMj⟩] = E [E [⟨δMi, δMj⟩|Fj ]] = E [⟨E [δMi|Fj ] , δMj⟩] = 0,

since Mj is Fj-measurable and E [δMi|Fj ] = 0 (recall that ξi is independent of Fj).
In the case that Assumption 4.ii) holds, we have that

E
[
∥δMi∥2

]
< ∞. (34)

Under Assumption 5, we get that (34) holds by Lemma B.4. If instead Assumption 3.ii) holds, we have that

E
[
∥δMi+1|Fi∥2

]
≤ κ(F (qk)− F∗) + (1 + τ)∥∇F (qk)∥2 + σ2.

By Assumption 3.i) and Lemma B.1, ∥∇F (qk)∥2 ≤ 2L(F (qk)− F∗), so by Theorem 3.7 the expectation of the
right-hand side is finite. Thus (34) holds also in this case. Since this in particular means that also (33) is

satisfied, we have shown that M̃j is a martingale in each of the considered settings.
We now show that (32) holds. By Doob’s submartingale inequality [31, 60], we have for every µ > 0 that

P

(
sup

k≤j≤l
∥M̃j − M̃k∥ ≥ µ

)
≤

E
[
∥M̃l − M̃k∥2

]
µ2

=
E
[
∥
∑l−1

i=k αiδMi∥2
]

µ2
,

which implies that

P

(
sup
k≤j

∥M̃j − M̃k∥ ≥ µ

)
≤ C

∞∑
i=k

α2
i ,
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and hence

lim
k→∞

P

(
sup
k≤j

∥M̃j − M̃k∥ ≥ µ

)
= 0.

By Theorem 1(b) in [53, Section 2.10.3], the sequence {M̃j}j≥0 is thus a Cauchy sequence almost surely, and

by Theorem 4 in [53, Section 2.10.5] therefore converges almost surely. Thus limk→∞ supk≤j∥M̃j − M̃k∥ = 0
holds almost surely. Since for any interval [0, T ] we have that

sup
t∈[0,T ]

∥Mk(t)∥ = sup
t∈[0,T ]

∥M̃m(tk+t) − M̃k∥ = sup
k≤j≤m(tk+t)

∥M̃j − M̃k∥ ≤ sup
k≤j

∥M̃j − M̃k∥,

the lemma follows. □

A.4. Equicontinuity of the sequences {Pk}k≥0 and {Qk}k≥0

The goal of this section is to show the following lemma.

Lemma 3.9 (Equicontinuous in the extended sense). Consider {Zk}k≥0 = {(Pk, Qk)}k≥0 where the sequences
{Pk}k≥0 and {Qk}k≥0 are defined by (13) (equivalently, by (30)). Suppose that {pk}k≥0 and {qk}k≥0 are defined
by (10), and that the Hamiltonian is on the form (7). Further, let Assumptions 1, 2 and 6 be valid, as well as
either Assumption 3, 4 or 5. Then {Zk}k≥0 is equicontinuous in the extended sense, almost surely.

This will be accomplished by instead verifying the following equivalent condition:

Lemma A.4 (Equivalent definition of extended equicontinuity). A sequence of functions {fk}k≥0, fk : R → Rd

is equicontinuous in the extended sense if and only if {∥fk(0)∥}k≥0 is bounded and for every T and ϵ > 0 there
exists a δ > 0 and a null sequence (ak)k≥0 (that is, limk→∞ ak = 0) such that

sup
0<|t−s|≤δ,
t,s∈[0,T ]

∥fk(t)− fk(s)∥ ≤ ϵ+ ak. (35)

Proof of Lemma A.4. By definition, (14) is equal to

lim
k→∞

bk ≤ ϵ

with

bk := sup
j≥k

sup
0<|t−s|≤δ,
t,s∈[0,T ]

∥fj(t)− fj(s)∥.

Define

ak = max{0, bk − ϵ}.

Then (ak)k≥0 satisfies all the requirements; ak is clearly positive and by continuity of the function max{0, x} it
holds that

lim
k→∞

ak = max{0, lim
k→∞

bk − ϵ} = 0,

as limk→∞ bk − ϵ ≤ 0. Furthermore, we have that

sup
0<|t−s|≤δ,
t,s∈[0,T ]

∥fk(t)− fk(s)∥ ≤ bk ≤ ϵ+ ak,
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for every k and thus we have shown that (35) follows from (14). We now show the converse. Suppose that (35)
holds. Taking the supremum of (35) we obtain

sup
j≥k

sup
0<|t−s|≤δ,
t,s∈[0,T ]

∥fj(t)− fj(s)∥ ≤ ϵ+ sup
j≥k

aj .

We finally take the limit with respect to k

lim
k→∞

sup
j≥k

sup
0<|t−s|≤δ,
t,s∈[0,T ]

∥fj(t)− fj(s)∥ ≤ ϵ+ lim
k→∞

sup
j≥k

aj =: ϵ+ lim sup
k→∞

ak.

But as limk→∞ ak exists by assumption and equals 0, lim supk→∞ ak = limk→∞ ak = 0. We thus conclude
that (14) holds. □

We now turn to the proof of Lemma 3.9.

Proof of Lemma 3.9. Closely following Lemma 2 in [20]: We want to show that the sequence {Zk}k≥0 =
{(Pk, Qk)}k≥0, where {Pk}k≥0 and {Qk}k≥0 are defined by (13), is equicontinuous in the extended sense.

First, we note that the sequences {Pk(0)} and {Qk(0)} are finite except on a set of measure 0, since by
Theorem 3.7 supk∥pk∥ < ∞ and supk∥qk∥ < ∞ almost surely.

By Lemma A.4 we are done if for every ϵ > 0, there is a sequence {ak}k≥0 such that limk→∞ ak = 0 and a
δ > 0 such that

sup
|t−s|<δ,
t,s∈[0,T ]

∥Zk(t)− Zk(s)∥ ≤ ϵ+ ak, a.s. (36)

By (31), we have that

∥Pk(t)− Pk(s)∥ ≤ C(ω)

m(tk+t)−1∑
i=m(tk+s)

αi + ∥Mk(t)∥+ ∥Mk(s)∥, (37)

where C(ω) = supi∥∇F (qi)−γ∇φ(pi)∥. By the boundedness of pk and qk along with the continuity of ∇F and
∇φ, we have that C(ω) < ∞, a.s. The sum on the right-hand side of (37) can be rewritten as

m(tk+t)−1∑
i=m(tk+s)

αi = tm(tk+t) − tm(tk+s).

By definition of m, (29), we have that

tm(tk+t) − tm(tk+s) ≤ tk + t− tm(tk+s). (38)

But we also have

tm(tk+s) ≤ tk + s < tm(tk+s)+1,

and hence the right-hand side of (38) can be rewritten and bounded as follows

tk + t− (tk + s) + (tk + s)− tm(tk+s) ≤ (t− s) + tm(tk+s)+1 − tm(tk+s).

Now, tm(tk+s)+1 − tm(tk+s) = αm(tk+s)+1 and hence we see that

∥Pk(t)− Pk(s)∥ ≤ C(ω)
(
|t− s|+ αm(tk+s)+1

)
+ ∥Mk(t)∥+ ∥Mk(s)∥.
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Let ϵ be greater than 0. There are now two cases. If C(ω) = 0, (35) clearly holds for any δ > 0. If C(ω) ̸= 0,
then take δ > 0 so small that C(ω)δ < ϵ. We then have

sup
|t−s|<δ,
t,s∈[0,T ]

∥Pk(t)− Pk(s)∥ ≤ sup
|t−s|<δ,
t,s∈[0,T ]

(
C(ω)(|t− s|+ αm(tk+s)+1) + ∥Mk(t)∥+ ∥Mk(s)∥

)
< ϵ+ C(ω)αm(tk)+1 + 2∥Mk(T )∥.

By Lemma A.3, limk→∞∥Mk(T )∥ = 0 a.s. and we see that (35) in Lemma A.4 holds almost surely. A similar
argument yields an analogous bound for Qk, and by the equivalence of norms on R2d, we obtain (36). □

A.5. Integral form of (Pk, Qk), part 2

We now use the extended equicontinuity established in Lemma 3.9 to continue the reformulation of (Pk, Qk)
into a form closer to (28). The following lemma extends (31):

Lemma A.5 (Integral form of (Pk, Qk)). Under the same assumptions and notation as in Lemma 3.9, we can
write

Pk(t) = Pk(0)−
∫ t

0

∇F (Qk(s))ds− γ

∫ t

0

∇φ(Pk(s))ds+Mk(t) + µk(t),

Qk(t) = Qk(0) +

∫ t

0

∇φ(Pk(s))ds+ νk(t) + κk(t),

(39)

where the functions {Mk}k≥0, {µk}k≥0, {νk}k≥0 and {κk}k≥0 converge to 0 uniformly on compact sets almost
surely.

Proof. We start by showing that the first sum in Equation (31) satisfies

−
m(tk+t)−1∑

i=k

αi∇F (qi) = −
∫ t

0

∇F (Qk(s))ds+ µ1,k(t),

where {µ1,k}k≥0 is a sequence of functions that tends to 0 uniformly on compact intervals. Consider

Ik := −
∫ t

0

∇F (Qk(s))ds.

Then, since tk + s belongs to a single interval [ti, ti+1),

Ik = −
∫ t

0

(
∇F (q0)I(−∞,t0)(tk + s)−

∞∑
i=0

∇F (qi)I[ti,ti+1)(tk + s)

)
ds

= −
∫ t

0

(
∇F (q0)I(−∞,t0−tk)(s)−

∞∑
i=0

∇F (qi)I[ti−tk,ti+1−tk)(s)

)
ds.

Since s ∈ [0, t] and t0− tk ≤ 0, the first term disappears. For i < k, we have that ti+1− tk ≤ 0. We can therefore
start the sum at i = k, as earlier terms will not contribute to the integral. Thus,

Ik = −
∫ t

0

( ∞∑
i=k

∇F (qi)I[ti−tk,ti+1−tk)(s)

)
ds.
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Now suppose that tj − tk ≤ t < tj+1 − tk. We split up the previous integral as follows:

Ik = −
∫ tj−tk

0

(
j−1∑
i=k

∇F (qi)I[ti−tk,ti+1−tk)(s)

)
ds−

∫ t

tj−tk

∇F (qk)I[tj−tk,tj+1−tk)(s)ds

= −
j−1∑
i=k

∇F (qi)αi −∇F (qj) (t− tj + tk) ,

where we have used that
∫ tj−tk
0

I[ti−tk,ti+1−tk)(s)ds = αi. Using the fact that m(t+ tk) = j, we can rewrite this
further as

Ik = −
m(tk+t)−1∑

i=k

∇F (qi)αi − µ1,k(t),

where µ1,k(t) = ∇F (qm(tk+t))
(
t− tm(tk+t) + tk

)
. The function µ1,k is piecewise linear and 0 at t = tj − tk.

Since supk∥qk∥ < ∞ a.s. by Theorem 3.7, the set {qk} can be enclosed in a compact set. As ∇F is continuous
in each of the settings that we consider, a positive random variable C(ω) which satisfies

∥∇F (qm(tk+t))∥ ≤ C(ω) < ∞, a.s.,

thus exists. Hence, it holds that
∥µ1,k(t)∥ ≤ C(ω)|αm(tk+t)|.

Now, we have that limk→∞ supt∈[0,T ] αm(tk+t) = 0 for any fixed T , since limk→∞ αk = 0, and thus µ1,k converges
to 0 uniformly on compact intervals.

In a similar fashion we obtain for the last term in (31) that

−
m(tk+t)−1∑

i=k

αi∇φ(pi) = −
∫ t

0

∇φ(Pk(s))ds+ µ2,k(t),

where {µ2,k}k≥0 converges uniformly on compact sets to 0. Letting µk = µ1,k + γµ2,k, we obtain the expression
in the first line of (39).

We now turn our attention to the second line of (39). By an argument analogous to the previous, we can
write the second line of (31) as

Qk(t) = Qk(0) +

∫ t

0

φ(Pk+1(s))ds+ νk(t),

where νk converges uniformly on compact sets to 0. We can rewrite the integral on the right-hand side as∫ t

0

∇φ(Pk+1(s))ds =

∫ t

0

∇φ(Pk+1(s))−∇φ(Pk(s))ds︸ ︷︷ ︸
:=κk(t)

+

∫ t

0

∇φ(Pk(s))ds.

By the Lipschitz continuity of ∇φ and the definition of Pk (13),

∥κk(t)∥ ≤
∫ t

0

λ∥Pk+1(s)− Pk(s)∥ds =
∫ t

0

λ∥Pk(αk + s)− Pk(s)∥ds.

Since {Pk(t)}k≥0 is equicontinuous in the extended sense by Lemma 3.9, there is for each T and ϵ > 0 a δ > 0
such that

lim sup
k→∞

sup
|t−s|<δ, t,s∈[0,T ]

∥Pk(αk + s)− Pk(s)∥ ≤ ϵ. (40)
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What remains is to show that {κk}k≥0 converges uniformly on compact sets to 0. For any T , we have that

lim
k→∞

sup
t∈[0,T ]

∥κk(t)∥ ≤ lim
k→∞

∫ T

0

λ∥Pk(αk+1 + s)− Pk(s)∥ds

since the integrand is positive. By Theorem 3.7, we can bound ∥Pk(αk+1+ s)−Pk(s)∥ ≤ 2 supt∈R∥Pk(t)∥ < ∞.
Thus, we can use the Lebesgue dominated convergence theorem and take the limit inside the integral:

lim
k→∞

sup
t∈[0,T ]

∥κk(t)∥ ≤
∫ T

0

lim
k→∞

λ∥Pk(αk+1 + s)− Pk(s)∥ds.

By (40), we can make the integrand arbitrarily small by choosing k so large that αk+1 ≤ δ. □

In the next section, we use the integral form of the processes {Pk}k≥0 and {Qk}k≥0 to establish that (P0, Q0)
is an asymptotic pseudotrajectory for (9). This essentially means that (Pk, Qk) asymptotically satisfies (28).

A.6. Asymptotic pseudotrajectory

Definition A.6. A function X : R → R2d is an asymptotic pseudotrajectory to a semiflow ϕ if

lim
s→∞

sup
t∈[0,T ]

∥X(s+ t)− ϕ(t,X(s))∥ = 0,

for all T > 0.

Remark A.7. Definition A.6 differs from the definition encountered in e.g. [7,8] in that it requires the function
to be continuous. In our case, the extended equicontinuity (Definition 3.8 plays a similar role (see the proof of
Lemma 3.10, but we omit this from the definition.

Lemma 3.10 (Asymptotic pseudotrajectory). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then the function Z0 = (P0, Q0) where P0 and Q0 are defined by (12) is almost surely an
asymptotic pseudotrajectory to the semiflow ϕ generated by equation (9). That is,

lim
s→∞

sup
t∈[0,T ]

∥Z0(s+ t)− ϕ(t, Z0(s))∥ = 0,

for all T > 0.

Proof. It is sufficient to show the lemma under the (L0, L1)-smoothness assumption given by Assumption 4.i),
since Assumptions 3.i) and 5.iii) are special cases of this. We have by (39) that

∥Zk(t)− ϕ(t, zk)∥ ≤ ∥Pk(t)− ϕp(t, pk)∥+ ∥Qk(t)− ϕq(t, qk)∥

=

∥∥∥∥∫ t

0

∇F (Qk(s)− ϕq(s, pk)) ds

∥∥∥∥+ ∥∥∥∥∫ t

0

∇φ (Pk(s)− ϕp(s, pk)) ds+Mk(t) + µk(t)

∥∥∥∥
+

∥∥∥∥∫ t

0

∇φ (Pk(s)− ϕp(s, pk)) ds+ νk(t) + κk(t)

∥∥∥∥
(41)

By Assumption 4.i), the first term satisfies∥∥∥∥∫ t

0

∇F (Qk(s)− ϕq(s, pk)) ds

∥∥∥∥ ≤
∫ t

0

(L0 + L1∥∇F (Qk(s))∥) ∥Qk(s)− ϕq(s, pk)∥ds.
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For the ∥∇F (Qk(s))∥-term, we note that this is less than or equal to supk≥0∥∇F (qk)∥, which is bounded
almost surely by Theorem 3.7 and the continuity of ∇F . Using the Lipschitz continuity of ∇φ we get that the
right-hand side of (41) is less than or equal to∫ t

0

(
L0 + L1 sup

k≥0
∥∇F (qk)∥

)
∥Qk(s)− ϕq(s, qk)∥ds+

∫ t

0

2λ∥Pk(s)− ϕp(s, pk)∥ds

+ ∥Mk(t)∥+ ∥µk(t)∥+ ∥νk(t)∥+ ∥κk(t)∥.

Hence, we can find a constant C such that

∥Zk(t)− ϕ(t, zk)∥ ≤
∫ t

0

C∥Zk(s)− ϕ(s, zk)∥ds+ ∥Mk(t)∥+ ∥µk(t)∥+ ∥νk(t)∥+ ∥κk(t)∥.

By Grönwall’s inequality, compare [15], it holds that

∥Zk(t)− ϕ(t, zk)∥ ≤ (∥Mk(t)∥+ ∥µk(t)∥+ ∥νk(t)∥+ ∥κk(t)∥) eCt.

Since all the terms within the brackets on the right-hand side converge to 0 uniformly on compact intervals, it
follows that

lim
k→∞

sup
t∈[0,T ]

∥Zk(t)− ϕ(t, zk)∥ = 0,

almost surely. Thus the second term in the right-hand-side of the inequality

sup
t∈[0,T ]

∥Z0(s+ t)− ϕ(t, Z0(s))∥ ≤ sup
t∈[0,T ]

∥Z0(s+ t)− Z0(tm(s) + t)∥

+ sup
t∈[0,T ]

∥Z0(tm(s) + t)− ϕ(t, Z0(tm(s)))∥

+ sup
t∈[0,T ]

∥ϕ(t, Z0(tm(s)))− ϕ(t, Z0(s))∥

tends to 0. The first term also tends to 0 as s → ∞ since Z0 is continuous in the extended sense. Finally, the
third term tends to 0 by the continuity of ϕ. It follows that Z0 satisfies

lim
s→∞

sup
t∈[0,T ]

∥Z0(s+ t)− ϕ(t, Z0(s))∥ = 0,

for all T > 0, almost surely, and thus Z0 is an asymptotic pseudotrajectory to ϕ. □

A.7. Chain transitivity

Definition A.8 (Chain transitivity). An (ϵ, T )-pseudo orbit from x to y is a sequence of points {xi}ni=0 and
time points ti ≥ T , such that x0 = x and xn = y and

∥ϕ(ti, xi)− xi+1∥ < ϵ.

An invariant set A is said to be internally chain transitive if for each a, b ∈ A and T > 0, ϵ > 0 there exists an
(ϵ, T )-pseudo orbit from a to b.

The following result is essentially a paraphrasing of [7, Corollary 4.3] combined with [8, Proposition 5.3]:

Lemma 3.11 (Internally chain transitive). Let Assumptions 1, 2 and 6 be valid, as well as either Assump-
tion 3, 4 or 5. Then given that {zk}k≥0 = {(pk, qk)}k≥0 is determined by (10), the set Lim({zk}k≥0) is a
compact, and internally chain transitive set for the semiflow ϕ generated by (9).
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Proof of Lemma 3.11. The proof is very similar to the proof of Corollary 4.3 in [7], except that our Z0 is
piece-wise constant rather than the linear interpolation in [7]. This influences how Lim(Z0) = Lim({zk}k≥0)
is established and the argument for why Lim({zk}k≥0) is connected and compact. But the former follows
immediately from the fact that Z0 only takes on the values of {zk}k≥0, and by [3], the set of limit points is
connected for almost every ω. Since it is also closed and bounded by Theorem 3.7, it is compact for almost all
ω. The rest of the proof proceeds like in [7], making use of Lemma 3.10. This shows that Lim({zk}k≥0) is a
connected internally chain recurrent set. But by [8, Proposition 5.3], such a set is internally chain transitive. □

A.8. Hamiltonian dynamics

By Lemma 3.11, Lim({zk}k≥0) is internally chain transitive. We will now relate Lim({zk}k≥0) to EH by
using that we have a Lyapunov function for the flow generated by (9). Let us first specify exactly what we
mean by a Lyapunov function:

Definition A.9 (Lyapunov function). Let ϕ be a semiflow on a metric space W and let Λ ⊂ W be an invariant
set for ϕ. A function V : W → R is called a Lyapunov function for Λ if the function t ∈ R+ 7→ V (ϕ(t, x)) is
constant for x ∈ Λ and eventually decreasing for x /∈ Λ.

Remark A.10. In [8], the above definition is stated as “strictly decreasing” rather than “eventually decreasing”.
However, the results in [8] which we will use only require the latter. The critical part is that the Lyapunov
function does not remain constant for all time when x /∈ Λ.

Lemma 3.12 (Lyapunov function). Let Assumptions 1 and 2 be valid, and let V : R2d → R be defined by

V (z) = H(p, q)− F∗ − φ∗, (15)

where z = (p, q). Then V is a Lyapunov function for EH ⊂ R2d with respect to ϕ.

Proof. Let z(t) = (p(t), q(t)) denote the solution to (9) with initial condition z0 = (p0, q0). The function V is
constant if and only if H(p(t), q(t)) is constant, and we have

d

dt
H(p(t), q(t)) = −γ∥∇φ(p(t))∥2.

That z0 ∈ EH means that ∇F (q0) = 0 and ∇φ(p0) = 0. Then by (9) also ż(t) = 0, and in particular
∇φ(p(t)) = 0. Thus V is constant on EH . Outside EH there are two cases; either ∇φ(p0) ̸= 0 or ∇F (q0) ̸= 0.
In the former case, d

dtH(p(t), q(t))|t=0 < 0, so V is decreasing. In the latter case, we could potentially have the
situation that ∇φ(p(t)) = 0 for all t ≥ 0 (and thus q(t) ≡ q0) but ∇F (q0) ̸= 0, so that (p(t), q0) /∈ EH for any
t. However, this is precluded by the convexity and coercivity assumptions on φ, in the following way. Since
∇φ(p(t)) = 0 and q(t) = q0 is constant, we get ṗ(t) = −∇F (q0), so that

p(t) = p0 −∇F (q0)t.

Thus ∥p(t)∥ → ∞ as t → ∞, which means that also ∥φ(p(t))∥ → ∞ as t → ∞ since φ is coercive. But by the
convexity of ∇φ we have that for any x ∈ Rn,

φ(x) ≥ φ(p(t)) + ⟨∇φ(p(t)), x− p(t)⟩ = φ(p(t)),

which implies that φ(x) = ∞ for every x ∈ Rn. This contradicts Assumption 2, and thus there must exist a
t > 0 such that ∇φ(t) ̸= 0. This means that V is eventually decreasing.

□
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A.9. Proof of the main theorem

We will now make use of the following proposition from [8] to prove the final result:

Proposition A.11 (Proposition 6.4 in [8]). Let ϕ be a semiflow on a metric space W and Λ ⊂ W a compact,
invariant set. Let V : W → R be a Lyapunov function for Λ and suppose that V (Λ) has empty interior. Then
every internally chain transitive set is contained in Λ.

Theorem 3.5. Let Assumptions 1, 2 and 6 be satisfied, as well as either Assumption 3, 4 or 5. Then {qk}k≥0

converges almost surely to the set of stationary points of the objective function F . If we additionally assume
that Assumption 7 holds, the convergence is to a unique stationary point.

Proof. Let ϕ be the semiflow generated by (9). The following statements all hold almost surely. By Lemma 3.11,
Lim({zk}k≥0) is a compact and internally chain transitive set for ϕ. It is therefore in particular an invariant set
for ϕ. Now set Λ = EH∩Lim({zk}k≥0). Then Λ is also invariant for ϕ, since EH clearly is and the intersection of
two invariant sets is invariant. Further since EH is closed and Lim({zk}k≥0) is compact, Λ is compact. Finally,
Λ is non-empty, because for any z ∈ Lim({zk}k≥0), {ϕ(t, z)}t≥0 is a compact subset of Lim({zk}k≥0). We can
thus extract a subsequence such that Lim(ϕ) ∋ z̄ = limn→∞ ϕ(tn, z) ∈ Lim({zk}k≥0). Since Lim(ϕ) ⊂ EH by
the same argument as in [59, Theorem 15.0.3], z̄ ∈ Λ ̸= ∅.

Due to the invariance of Lim({zk}k≥0), we can consider the restricted semiflow Ψ = ϕ|Lim({zk}k≥0), and it

follows from Proposition 3.12 that the function V defined in (15) is a Lyapunov function for Λ with respect
to Ψ. Since Lim({zk}k≥0) is internally chain transitive by Lemma 3.11, and V (Λ) has empty interior by
Assumption 1.ii). Proposition A.11 then shows that

Lim({zk}k≥0) ⊂ Λ ⊂ EH .

This proves the main assertion of Theorem 3.5. Under Assumption 7, the set EH consists of isolated points and
clearly the convergent sequence can only approach one of these points arbitrarily closely. □

Corollary 3.6 (Convergence in expectation). Let Assumptions 1, 2, 6 and 7 be valid. Further, let the Hamil-
tonian be on the form (7) and let the sequences {pk}k≥0 and {qk}k≥0 be generated by (10). Then it holds
that

lim
k→∞

E
[
∥∇F (qk)∥θ

]
= 0,

where 0 < θ < 2 under Assumption 3 and 0 < θ < 1 under Assumption 4 or 5.

Proof. From Lemma B.1 we have that ∥∇F (qk)∥2 ≤ 2L(F (qk)− F∗) under Assumption 3. By Theorem 3.7 we
therefore obtain that

sup
k

E
[
∥∇F (qk)∥2

]
< ∞.

By Lemma 3 in [53, Chapter 2.6] with G(t) = t2/θ and ξn = ∥∇F (qn)∥θ, the sequence {∥∇F (qk)∥θ}k≥0 is
uniformly integrable for 0 < θ < 2. Since qk → q∗ a.s. by Theorem 3.5 and ∇F (q∗) = 0 we also have that
∥∇F (qk)∥θ → 0 a.s. Thus by Theorem 4 in [53, Chapter 2.6], E

[
∥∇F (qk)∥θ

]
→ 0. The argument is the same

under Assumption 4 or 5, but in these cases Lemma B.1 only guarantees that

sup
k

E [∥∇F (qk)∥] < ∞.

The sequence {∥∇F (qk)∥θ}k≥0 is therefore only guaranteed to be uniformly integrable when 0 < θ < 1. □

Appendix B. Auxiliary results

The following results summarize important consequences of the assumptions in Settings 1–3.
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Lemma B.1. Let F be bounded from below by F∗. If F is (L0, L1)-smooth, i.e. satisfies Assumption 4.i), it
holds that

∥∇F (q)∥ ≤ 2L1(F (q)− F∗) +
L0

L1
.

If F is instead L-smooth with Lipschitz constant L, i.e. satisfies Assumption 3.i), it holds that

∥∇F (q)∥2 ≤ 2L(F (q)− F∗).

Proof. Consider first the (L0, L1)-smooth case. Put

q+ = q − 1

L1∥∇F (q)∥
∇F (q), (42)

so that ∥q+ − q∥ = 1
L1

and the conditions for (21) in [66] are satisfied. Thus it holds that

F (q+)− F (q) ≤ ⟨∇F (q), q+ − q⟩+ L0 + L1∥∇F (q)∥
2

∥q+ − q∥2.

Inserting (42) into the previous expression we see that

F (q+)− F (q) ≤ − 1

L1
∥∇F (q)∥+ L0 + L1∥∇F (q)∥

2

1

L2
1

,

Rearranging the terms, we find that

F (q+)− F (q) ≤ − 1

2L1
∥∇F (q)∥+ L0

2

1

L2
1

One more rearrangement yields

∥∇F (q)∥ ≤ 2L1(F (q)− F (q+)) +
L0

L1
.

Since F (q+) ≥ F∗ we obtain the statement of the first part of the Lemma. The proof of the second part is very
similar but simpler, and therefore omitted. □

Lemma B.2. Let F satisfy Assumption 5.i) and f(·, ξ) satisfy Assumption 5.iii). Then

∥∇f(q, ξ)∥ ≤ 2NL1 (F (q)− F∗) +
L0

L1
, (43)

almost surely, where F∗ = 1
N

∑N
i=1 infq∈Rd fi(x).

Proof. We start by showing that there exists a constant C such that

f(x, ξ)− inf
x∈Rd

f(x, ξ) ≤ C(F (x)− F∗), (44)

almost surely. First we note that by the properties of inf it holds that

inf
x∈Rd

f(x, ξ) = inf
x∈Rd

(
1

|Bξ|
∑
i∈Bξ

fi(x)

)
=

1

|Bξ|
· inf
x∈Rd

(∑
i∈Bξ

fi(x)

)
≥ 1

|Bξ|
·
∑
i∈Bξ

inf
x∈Rd

fi(x).
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Hence

f(x, ξ)− inf
x∈Rd

f(x, ξ) =
1

|Bξ|
·
∑
i∈Bξ

fi(x)− inf
x∈Rd

f(x, ξ)

≤ 1

|Bξ|
·
∑
i∈Bξ

fi(x)−
1

|Bξ|
·
∑
i∈Bξ

inf
x∈Rd

fi(x).

Since fi(x)− infx∈Rd fi(x)) ≥ 0, the previous expression can be bounded by

1

|Bξ|
·

N∑
i=1

fi(x)− inf
x∈Rd

fi(x) =
N

|Bξ|
(F (x)− F∗) .

As 1 ≤ |Bξ| ≤ N , (44) holds. Since f(·, ξ) is (L0, L1)-smooth, it further holds that

∥∇f(x, ξ)∥ ≤ 2L1

(
f(x, ξ)− inf

x∈Rd
f(x, ξ)

)
+

L0

L1
.

Combining the previous expression with (44), we obtain (43). □

Remark B.3. Note that for fixed, deterministic x, (43) implies that the norm ∥∇f(x, ξ)−∇F (x)∥ is bounded
almost surely. This means that around a stationary point q∗ or for the initial iterate q0 (which in this paper
is assumed to be deterministic), the norm of the noise is not heavy-tailed. When x = qk is a random variable
this is no longer the case. This is in line with e.g [26], in which it is reported that the noise is not heavy-tailed
initially.

Lemma B.4. Under Assumption 5 it holds that

E
[
∥∇F (qk)−∇f(qk, ξk)∥2

]
< +∞, (45)

where {qk}k≥0 is determined by (10).

Proof. By Lemma B.2 and the triangle inequality it holds that

∥∇F (qk)−∇f(qk, ξk)∥ ≤ 2NL1 (F (qk)− F∗) +
L0

L1
+ ∥∇F (qk)∥

≤ 2L1(N + 1) (F (qk)− F∗) +
2L0

L1
,

where we have used Lemma B.1 to bound the ∥∇F (qk)∥-term in the second inequality. We can use this to
bound one of the powers in the expectation of (45):

Eξk

[
∥∇F (qk)−∇f(qk, ξk)∥2

]
≤ Eξk [∥∇F (qk)−∇f(qk, ξk)∥]

(
2L1(N + 1) (F (qk)− F∗) +

2L0

L1

)
≤ σ ·

(
2L1(N + 1) (F (qk)− F∗) +

2L0

L1

)
,

where we have used Assumption 5.ii), along with the fact that qk is Fk-measurable (hence we may take the
F (qk)-term outside of the conditional expectation) while ξk is independent of Fk. Taking the total expectation
of this, we find that

E
[
∥∇F (qk)−∇f(qk, ξk)∥2

]
≤ σ ·

(
2L1(N + 1)E [F (qk)− F∗] +

2L0

L1

)
.
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By Theorem 3.7 we have that supk≥0 E [F (qk)] < ∞, and thus (45) follows. □

Appendix C. Existence and uniqueness of solutions

When Assumption 3.i) is satisfied, the solutions to (9) are clearly unique and exist for all t ≥ 0. Under
Assumption 4.i), this is not so obvious anymore. Essentially this follows from the coercivity Assumptions 1.i)
and 2.iii), and in this section we elaborate on why this is the case. For brevity, let z = (p, q) and let

ż = f(z) (46)

denote the system (9). Put V (z) = H(p, q)−F∗−φ∗, where the infima F∗ and φ∗ are defined in Assumptions 1
and 2, respectively. Then V is a Lyapunov function for (46) by Lemma 3.12 and, by construction, V (z) ≥ 0.
We also note that by Assumption 1.i) and 2.iii)

lim
∥z∥→∞

V (z) = ∞.

By Theorem 10.1 in [63] (see also Theorem 1 in [62]), it follows that the solutions to (46) are equi-bounded,
in the sense that for a given B > 0, there exists a C such that all solutions with initial conditions ∥z0∥ ≤ B
satisfies ∥z(t)∥ ≤ C. Thus the solutions to (46) are defined for all t ≥ 0, compare §23 in [32]. Since ∇φ
is Lipschitz continuous and ∇F is locally Lipschitz continuous, the vector field in (9) is locally Lipschitz
continuous. Repeated applications of the Picard–Lindelöf theorem, see e.g. [65, Theorem 3.A], therefore shows
that the solutions are unique.
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